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ABSTRACT
The Axial Compressive Strength of High Performance Polymer Fibers
(February 1985)
Steven John DeTeresa, B.S., M.E., Rensselaer Polytechnic Institute
M.S., Ph.D., University of Massachusetts
Directed by: Professors Richard J. Farris and Roger S. Porter
An experimental and theoretical study of the axial compressive
strengths of high performance polymer fibers is undertaken. Compressive
failure of these fibers manifests itself as kink band formation. Tech-
niques permitting the application of small, measurable axial compressive
strains to initiate kink banding in fine fibers are introduced. Tensile
tests of compressively kinked poly(p-phenylene terephthal amide) (PPTA)
fibers reveal only a ]Q% loss in tensile strength after application of
compressive strains much greater than the critical strain required for
kink band initiation.
The concept of compressive failure due to elastic microbuckl ing
instabilities in axial ly compressed extended-chain polymers is proposed.
Highly oriented polymer fibers are treated as a laterally interacting
collection of fully extended chains. The critical stress required to
buckle this collection of chains is calculated to be equal to the mini-
mum longitudinal shear modulus of the fiber. This critical compressive
stress is used as a prediction of the limiting value of fiber compres-
sive strength.
vii
An excellent linear correlation between axial compressive strength
and torsion modulus is measured for four extended-chain polymer fibers
and for a graphite fiber. These fibers exhibit compressive strengths
equal to approximately one-third of their respective torsion moduli.
The relationship between torsion strains and axial normal strains
in high oerformance polymer fibers is also investigated. Torsion of
these fibers is found to result in axial contraction, a second-order
effect. This axial contraction with twist results in internal axial
stresses sufficient to cause compressive failure (kink banding) of the
core of the polymer fibers. Furthermore, the length contraction with
twist causes a measurable linear increase in torsion modulus with
apolied axial tensile stress. Consideration of the effect that axial
compressive stress has on the fiber torsion modulus leads to the conclu-
sion that an elastic shear instability occurs at a compressive stress
equal to the fiber longitudinal shear modulus, the same prediction of
compressive strength obtained from elastic microbuckl ing analysis.
• • •vm
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CHAPTER I
INTRODUCTION
1.1 High Performance Organic Fibers for
Composite Reinforcement
In recent years there has been conspicuously active research and
development of high performance organic fibers. Organic fibers earn the
title "high performance" by virtue of their excellent axial tensile
properties. Such fibers are distinguished from more common textile
materials by axial tensile moduli and strengths that are an order of
magnitude greater than those of the synthetic textiles. Recent reviews
elucidate the remarkable properties of high performance organic fibers
by direct comparison to the tensile properties of structural metal and
glass fibers [1,2]. The organic fibers match the tensile performance of
metal and glass fibers when compared on an absolute scale and surpass
the inorganic materials when compared on a weight basis.
Although several high performance organic fibers have been studied
in the laboratory, only graphite and poly (p-phenylene terephthalamide)
(PPTA) fibers have achieved commercial success. Because of their rela-
tively low densities, the major application of these two types of
organic fibers has been the reinforcement of structural composites,
where weight savings is a prime concern. It appears that current re-
search with other organic fibers is aimed at competing with carbon and
PPTA fibers for the lightweight structural composite materials market.
1
2The high performance organic fibers which have been produced to.
date can be divided into three classes: graphite fibers, synthetic
rigid polymer fibers, and fibers of chain-extended flexible polymers.
Graphite fibers are currently the most widely used material for
reinforcement of high performance composites because they exhibit the
highest tensile moduli (200-600 GPa) of all the commercial fibers. The
tensile strengths of graphite fibers are in the range of 2-3 GPa, which
compare favorably to those of high performance polymer fibers. The
excellent tensile properties of graphite fibers arise from a structure
that consists of axial ly oriented graphitic microfibrils that have the
strong and stiff graphite crystal basal plane oriented parallel to the
long axis of the microfibrils [3,4].
The synthetic rigid polymer fibers are represented by only one
commercial material: the PPTA fibers produced by E.I. DuPont de Nemours
n
& Co. under the trade name Kevlar
. The commercial development of
synthetic rigid polymers as a whole has been hampered by production
costs and problems with the synthesis of high molecular weight material.
All of the rigid polymer fibers are made of polymers which exhibit
liquid crystalline order in either a solution (lyotropic) or a melt
( thermotropic) state. The inherent chain stiffness of both lyotropic
and thermotropic liquid crystalline oolymers is partial ly due to the
high content of para-substituted aromatic groups in the chain backbone
of these polymers.
Examples of lyotropic liquid crystalline polymers which have been
spun into high performance fibers are: PPTA and poly (p-benzamide)
3(PBA) [5,6], the aromatic po 1 yami de-hydraz ides produced by Monsanto Co.
[7] and the aromatic heterocyclic polymers developed through the Air
Force Materials Laboratory Ordered Polymers Program [8]. Thermotropic
liquid crystalline polymer fibers that exhibit high performance proper-
ties have been developed by Eastman Kodak Co. [9], E.I. DuPont de
Nemours & Co. [10], and Celanese Co. [11].
Because of the ability of some rigid-rod polymers to establish
liquid crystalline order, uniaxial orientation of either ordered solu-
tions or ordered melts is easily induced during fiber spinning and main-
tained during subsequent solidification. Therefore, the excellent
tensile properties of rigid-rod polymer fibers result from almost
perfect orientation of stiff polymer chains along the fiber axis.
The "class" of high performance organic fibers of chain-extended
flexible polymers is essentially comprised of one material: highly
oriented polyethylene (PE). This commodity polymer has been transformed
into a high performance material by processes that involve stretching
the coiled polymer chains along one direction to an almost fully ex-
tended conformation. The estimates of the theoretical axial modulus of
a fully-extended PE chain are high [12] and PE fibers and films exhibit-
ing values of tensile modulus that are close to theoretical estimates
have been produced by efficient drawing methods. The two types of draw-
ing processes that have received the most attention are qel-spinning
[13] and solid state deformation [14,15]. PE fibers produced by gel-
spinning techniques have tensile moduli and strengths exceeding 100 GPa
and 2.5 GPa, respectively. Fibers produced by the gel -spinning process
4are about to achieve commercial status [16]. The substantial tensile
properties of high performance PE fibers can be attributed to the
alignment of highly extended polymer chains along the fiber axis.
The production of all high performance organic fibers requires
that the direction of strongest molecular bonding, whether it be within
graphitic planes or along extended polymer chain axes, be aligned paraV
lei to the fiber axis. A consequence of having strong bonds oriented
along the fiber axis is that only weaker molecular bonds, i.e., secon-
dary bonding forces between graphite planes or between extended polymer
chains, are aligned laterally. Therefore, all of the high performance
organic fibers are highly anisotropic materials.
Experience with graphite fiber-reinforced composites shows that
they suffer from low impact strength, susceptibility to catastrophic
failure and poor damping characteristics [17]. Improvements in all of
these properties have been realized with composites reinforced by PPTA
fibers [17]. Indeed, composites reinforced by both graphite and PPTA
fibers (hybrid composites) have been fabricated in order to ameliorate
the problems associated with the brittle nature of graphite fiber com-
posites [17,18].
Polymer fibers have lower tensile moduli than graphite fibers and
many applications of structural composites are oftentimes stiffness-
critical, demanding the highest modulus materials. However, recent
developments with poly (p-phenylene benzobisthiazole) (PBT) fibers have
demonstrated that it is possible to attain tensile moduli exceeding 300
GPa with a polymer fiber [19].
5A critical problem with polymer fibers, which limits their use in
composites, is their relatively poor axial compressive strength. Kevlar
fiber- reinforced composites exhibit longitudinal compressive strengths
that are only 20% of their longitudinal tensile strengths [17]. A
recent study with PBT fibers indicates that these polymer fibers also
suffer from a weakness in axial compression [19]. There are few studies
of the compressive characteristics of high performance polymer fibers in
the open literature. Consequently, there is no clear explanation of the
mechanism(s) of compressive failure, and the problem of limited axial
compressive strengths of polymer fibers remains, at present, unsolved.
In this dissertation, the axial compressive behavior of several
high performance fibers is investigated with the intent of elucidating
the failure mechanism(s) that lead to compressive strengths which fall
short of "high performance."
1.2 Dissertation Overview
The goals of this study are: to investigate the mode(s) of fail-
ure of high performance polymer fibers under axial compression; to pro-
pose a mechanism(s) for failure under axial compression and attempt to
predict the compressive strengths of polymer fibers; and to suggest ways
to improve the compressive characteristics of high performance polymer
fibers.
In Chapter II, the axial compressive behavior of PPTA fibers is
investigated. Techniques for compressing sinale fibers are introduced
and the mode of failure is examined by microscopy. Combining the re-
sults obtained here with those reported by other workers provides the
necessary evidence to propose a microbuckl ing instability mechanism for
compressive failure of POJA fibers.
Chapter III begins with a review of compressive failure mechanisms
previously proposed for a wide range of materials. By analogy to com-
pressive strength theories for fiber- reinforced composites, an analysis
of the elastic microbuckling of polymer chains and/or microfibrils is
presented. A potential energy balance analysis is used to calculate
critical stresses for the onset of compressive buckling instabilities in
an idealized model of a polymer fiber. These critical stresses are used
as theoretical estimates of the axial compressive strengths of extended-
chain polymer fibers.
The predicted compressive strengths obtained from the microbuckl-
ing analysis are compared to measured fiber compressive strengths in
Chapter IV. Three lyotropic and one thermotropic liquid crystalline
polymer fibers, a gel -spun PE fiber and a graphite fiber are examined.
Chapter V is a discussion of the coupling between axial and shear
stresses and strains in anisotropic polymer fibers. This coupling is
experimentally verified by the observations of fiber axial compressive
failure due to fiber torsion and the linear dependence of fiber torsion-
al rigidity on axial tensile stresses. Consideration of the effects of
axial compressive stresses on the fiber torsional rigidity leads to the
conclusion that an instability occurs at the same compressive stress
that is predicted by the microbuckl ing analysis presented in Chapter
III.
In Chapter VI, the formation of helical compressive kink bands in
Kevlar 49 fibers is compared with similar band formation in compressed
wood. The formation of these helical bands is shown to be a consequence
of the particular cylindrical ly orthotropic symmetry common to these
materials.
CHAPTER II
COMPRESSIVE BEHAVIOR OF POLY (P-PHENYLENE
TEREPHTHALAMIDE) FIBERS
2.1 Background
The well-known Achilles' heel of PPTA fiber-reinforced composites
is their relatively low longitudinal compressive strength [17]. The
ratio of longitudinal tensile to compressive strength of these compos-
ites is approximately 5:1. Compressive stress-strain curves for uni-
directional PPTA fiber composites exhibit elastic-plastic behavior with
yield at approximately 0.3% compressive strain [17].
Attempts to improve the compressive strength of a composite rein-
forced by one particular PPTA fiber, Kevlar^ 49, via fiber pretensioning
and pretwisting or modification of the fiber-matrix interface and matrix
properties were unsuccessful [20]. Microscopic examination of com-
pressed PPTA fiber- reinforced composites revealed the formation of kink
bands within the fibers [20,21]. It has therefore been proposed that
the compressive strengths of PPTA fiber composites are limited by the
fiber compressive strength [20-22].
The structure of PPTA fibers, especially the Kevlar fibers, has
been the subject of numerous papers [23-35]. Studies have shown that
there is excellent orientation of rigid PPTA chains along the fiber axis
[23,24]. Consequently, fiber tensile moduli that approach theoretical
estimates have been measured [23,25,26].
8
9X-ray diffraction studies reveal that PPTA fibers are highly
crystalline and exhibit diffraction characteristics that are indicative
of a paracrystalline structure [23.27]. A monoclinic unit cell with the
chain axis parallel to the c-axis and the plane of hydrogen bonding
between chains nearly parallel to the b-axis has been established for
PPTA fibers [23,25].
The b-axis of the unit cell, and therefore the hydrogen-bonded
planes or sheets, is oriented along the radial direction of the fiber.
This organization of the PPTA crystal into a radial sheet structure
gives PPTA fibers a cylindrically orthotropic symmetry [28-30].
The morphology of PPTA fibers at the supramolecular scale has not
been firmly established. The fibers exhibit a periodic transverse
banding with a periodicity of roughly 250 nm [27,28,31 ,32] that has been
attributed to regular pleats in the radially oriented hydrogen-bonded
sheets [28]. Others have proposed that periodic transfer defect planes,
spaced 200 nm [33,34] or 50 nm [27] apart, are superimposed upon the
pleated sheets. It is believed that these defect planes are formed by
the aggregation of chain ends [27,34].
Both X-ray and electron diffraction studies indicate that there
are axial ly oriented crystallites in PPTA fibers which are approximately
7 nm wide [23,31]. Fiber etching and degradation studies show that
there may be another structural unit, called a rod-like crystallite,
that is also axial ly oriented, but nearly 60 nm wide [33,34]. Also, it
has been suggested that PPTA fibers have a fibrillar structure, with
fibrils roughly 600 nm in diameter [27].
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PPTA fibers are inhomogeneous materials due to the existence of a
skin that has been estimated to be 0.1-1.0 ym thick [27,33,34]. Most
evidence shows that the skin does not exhibit periodic transverse band-
ing and is less susceptible to degradation than the fiber core [27,33].
These results suggest that the skin exhibits higher PPTA chain orienta-
tion and a more perfect structure than the core.
The existence of voids in PPTA fibers has been revealed by stain-
ing techniques and scattering measurements [27,35]. The voids appear to
be needle-shaped, with the long axis oriented parallel to the fiber axis
[35]. The total void content in PPTA fibers must be less than 5%, since
the densities of these fibers are typically 95% of the density of the
PPTA crystal unit cell [23,25].
The first attempt to characterize the compressive properties of
PPTA fibers was reported by Greenwood and Rose [22]. By measuring the
geometry of the elastica using Kevlar 49 fibers, they were able to
determine that the fibers apparently yielded at bending strains of about
0.7%. This apparent plasticity corresponded to the formation of kink
bands at oblique angles to the fiber axis on the compressive side of the
bent fiber. Because most polymer matrices have elastic limits in com-
pression greater than 0.7%, it was concluded that the low compressive
strength of Kevlar composites can be attributed to the poor compressive
strength of the fibers and not to either the matrix or the fiber-matrix
interface.
The formation of the kink bands in Kevlar fibers due to compres-
sive strains in bendina has been well documented [21,22,36]. Similar
nband formation has also been seen in fibers extracted from axially
compressed unidirectional composites [20,21,37].
The morphology of compressive kink bands in Kevlar fibers has been
investigated using scanning and transmission electron microscopy by Dobb
and co-workers [21]. Fibers were compressed by bending techniques and
by the longitudinal compression of a Kevlar composite to strains well
above the apparent yield point. Some of their results and conclusions
that are pertinent to this dissertation are:
(1) Deviation from elastic behavior with accompanying kink band
formation occurred at approximately 0.5% bending strain in the
elastica test.
(.2) Kink bands were observed to unfold under tension, indicating
that the kink band boundary acts like a hinge.
(3) Flexural fatiguing of single fibers at an apparent bending
strain of 1% resulted in a loss in tensile strength of <20%.
(4) The tensile fracture morphology of previously compressed
fibers was a surface plane oriented at 45° to the fiber axis.
(5) The formation of compressive kink bands was apparently unre-
lated to the pleated-sheet structure exhibited by Kevlar
fibers.
Takahashi et al . examined sections of compressi vely kinked Kevlar
29 fibers by X-ray and electron diffraction and electron microscopy
[37]. They found preferential formation of kink bands oriented at 55°
to the fiber axis on tangential planes, and deformation bands nearly
perpendicular to the fiber axis on radial planes. These authors
12
concluded that the pleat angle of the radial hydroqen-bonded sheets
decreases under axial compression.
In this dissertation, techniques for applying uniform axial com-
pressive strains to small diameter fibers are introduced. These tech-
niques require that the fiber be surrounded by a matrix that supports it
against buckling and that transmits uniform axial compressive loads to
the fiber. The axial compression of fibers embedded in matrices has
been used previously to study the compressive fracture and buckling
modes of fine fibers [38-41]. In these studies fiber compression was
induced by: matrix contraction during casting from solution [38], dif-
ferential thermal shrinkage [39,40], compression of a fiber-containing
matrix block parallel to the fiber axis [41], and shrinkage of a matrix
polymerized around the fibers [38].
2.2 Experimental
In this work a new method for applying known and uniform compres-
sive strains to fine filaments is introduced. The technique involves
bonding fibers to one surface of an elastic rectangular beam after ori-
enting them parallel to the beam length. On subjecting the beam with
bonded fibers to three-point bending, tensile and compressive strain
distributions that vary linearly along the length of the beam as shown
in Figure 2.1 are induced. Assuming there is good bonding of the fibers
to the beam, the strain in a fiber at any point along its length should
be equal to the surface strain of the beam at the same location. For
small deflections, the equation for the longitudinal surface strain
13
Figure 2.1, Longitudinally distributed axial normal
strains in an elastic beam loaded in
three-point bending.
14
e in a beam bent into a three-point configurati on IS
:
(2.1)
d = distance along beam length measured from midpoint
L = span length of beam
= maximum strain on beam surface (occurs at midpoint)
The axial compressive strain that initiates kink band formation is
determined by locating the region along the bonded fiber length where
kink bands first occur. A schematic diagram of a compressed Kevlar 49
fiber bonded to a beam that had been previously loaded in three-point
bending is shown in Figure 2.2. Because maximum compressive strains
occur at the beam midpoint (i.e., the point of load application) in
three-point bending, the length of fiber in this section of the bar
exhibits kink banding. The kink bands are fainter and occur less
frequently at distances along the fiber away from the midpoint. The
distance d along the fiber from the beam midpoint to the region where
the last fiber kink band is observed is recorded. The axial compressive
strain that initiates kink banding is calculated using (2.1). This
compressive strain is defined as the critical compressive strain e .
0
It is recognized that the strain in the bent beam also varies
through the beam thickness from zero at the neutral axis to a maximum on
the outer surfaces. However, the relative thickness of beam to fiber is
so large (250:1) that the variation in strain across the fiber diameter
can be neglected.
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Filaments of Kevlar 49 (diameter = 12.2 ym) were separated from a
380 denier yarn. The fibers had no sizing or finish and were used in
all tests without any special pretreatment.
To prepare test specimens, single Kevlar fibers were first aligned
with ends taped to one side of a clear polycarbonate tensile bar which
had been milled down to a uniform cross-section of 1/8 in. x 1/2 in. By
hanging a 0.5 g weight from one end of the fiber, the fiber could be
affixed to the bar under a calculated tensile pre-strain of 0.03%. The
fibers were then bonded to the polycarbonate bar by applying several
layers of a clear acrylic spray (Krylon'^ Acrylic Spray Coating, Borden,
Inc.). After allowing 24 hours for the coating to dry, the bars with
bonded fibers were loaded in three-point bending in an Instron to a
maximum strain on the beam surface {z^) of 1.0% at the load point.
After loading, the bars were removed from the Instron and the bonded
fibers were examined for kink formation. The advantage of bonding
fibers to a transparent polycarbonate bar with a clear acrylic spray is
that they can be observed in situ with an optical microscope directly
after loading. Also, the shrinkage of the thin acrylic film during
drying (solvent evaporation) is prevented by the relatively thick bar to
which it is bonded.
A matrix shrinkage technique was used to obtain fibers in a com-
pressed state for optical microscopy and scanning electron microscopy
(SEM) studies and tensile tests. Single Kevlar 49 fibers were embedded
in a matrix of nylon-6 (Fln=18,000) by solvent-casting a film of the
nylon around fibers mounted with minimal tension on a glass plate. A
17
solution Of 10% (w/w) nylon-6 in 88% formic acid gave good quality fil.
approximately 50 ,m thick when cast over a hot plate heated to about
80°C. With solvent evaporation the nylon film shrank, subjecting the
Kevlar fiber to hydrostatic compression.
Observations of cast films containing fibers using an optical
microscope revealed that kink bands only formed in the embedded Kevlar
fiber after the film was separated from the glass plate on which it was
cast. These observations implied that due to an adhesion of the nylon
film to the glass plate, most of the film axial shrinkage occurred only
after it was carefully peeled off the plate. Using ink markers on the
nylon film, it was determined that the nylon matrix shrinkage along the
embedded fiber axis was approximately 3%.
Compressed fibers were removed from the surrounding nylon matrix
by dissolving the matrix with formic acid. Compressed and isolated
fibers were carefully mounted onto cardboard tabs with epoxy and tensile
tested at an initial gauge length of 50 mm and a crosshead rate of 0.1
cm/min. Each fiber sample was loaded twice: first, to approximately
75% of the anticipated breaking strength and then, after immediate
unloading, to fracture. Samples of compressed fibers before and after
tensile testing were examined using scanning electron microscopy (SEM).
The effect of axial compressive fatigue on the tensile strength of
Kevlar fibers was investigated using a variation of the elastic beam
compression technique. Bonding fibers to the compressive side of a beam
which is then loaded in four-point bending causes the length of fiber
between the two loading points to be subjected to a constant axial
compressive strain. This constant strain region In four-point bea.
bending is shown schematically in Figure 2.3.
Single filaments of Kevlar 49 were bonded under a known tensile
pre-strain to milled tensile bars as already outlined. However, for
these tests glass-filled polyphenylene oxide/polystyrene blend tensile
bars were used In place of polycarbonate bars in an attempt to avoid
stress cracking of the bar during fatigue bending. Fibers were loaded
In compression between a minimum strain of 0.1% and maximum strain of
O.n, 0.8% or 1.2% for 1, 10, and 100 cycles. After loading, the fibers
were recovered for SEM observations and tensile testing by soaking the
bars in acetone to dissolve the acrylic film.
Fiber samples were examined using an ETEC flutoscan SEM after coat-
o
ing with a ^ZOQk layer of gold in a Polaron E5100 SEM sputter-coating
unit. For tensile tests, all fibers were mounted onto cardboard tabs
with epoxy and tested in an Instron Universal Testing Machine. A small
Zeiss optical microscope with polarizers was used to observe fibers
embedded in nylon-6 films.
2.3 Results
A critical compressive strain of 0.53% (+0.02%) was determined
from beam bending measurements on ten Kevlar 49 fiber samples. This
value of has been corrected for the tensile pre-strain applied to
fibers during mounting onto polycarbonate bars. Some of the bars were
loaded more than once to the 1% maximum strain (e ). After repeated
m
loadings to this same level of strain, no change was observed in d and
p|y
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X
Figure 2.3 Longitudinally distributed axial normal strains in an
elastic beam loaded in four-point bending.
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therefore 1n e^. However. 1n the length of fiber which exhibited kink
banding, the kink bands appeared to Increase in both number and severity
with repeated loadinqs.
The compressive kink bands appear as black V-shaped bands when
viewed with an optical microscope. An optical micrograph of these kink
bands is shown in Figure 2.4. It should be emphasized that the bonded
fibers were examined after compression in the unloaded state. Because
kink bands were seen in the fiber after unloading the bar, this indi-
cates that slip occurred at the fiber-matrix interface and/or that
permanent deformation occurred in the fiber at the kink boundary.
An axial compressive strength of 0.7 GPa is calculated for Kevlar
49 from the product of and the axial compressive modulus. For this
calculation it is assumed that the fiber is linear-elastic to s and
c
that the axial tensile and compressive moduli are identical and equal to
130 GPa. That the moduli are equivalent is demonstrated indirectly by
the measured equivalent tensile and compressive moduli of Kevlar compo-
sites [17] and by the elastica test in which Kevlar fiber conforms to
the loop geometry predicted for linear-elastic materials [22].
The surfaces of Kevlar 49 fibers as-received and after compression
due to shrinkage of a surrounding solvent-cast nylon matrix are shown in
Figure 2.5. After approximately 3% axial compressive strain the fibers
exhibited surface helical kink bands having a pitch angle of 60°. Both
left- and right-handed helices were observed, which propagated for
various distances along the fiber axis. These helical bands corresponded
to the V-shaped bands observed for a compressed fiber using optical
Figure 2.4
Optical micrographs of Kevlar 49 fiber: (a) before
and (b) after 3% axial compression due to nylon
matrix shrinkage.

Figure 2.5
SEM micrographs of Kevlar 49 fiber (a) as-received,
(b) after 3% axial compression, and (c) after >3%
axial compression. Compression due to nylon matrix
shrinkage.
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microscopy. At slightly higher compressive strains the bands became
Sharper and more numerous, as shown in Figure 2.5c. At this level of
compression there were lateral shifts of fiber segments, similar to sli.
bands observed in metals. It also appears that fiber material piled
up at the kink boundaries with no evident change in the surface texture
between the bands. None of the compressed fibers gave any indication of
surface cracking or splitting within the limits of SEM resolution.
Interestingly, the sinale Kevlar fibers could sustain axial compressive
strains of up to 3% without exhibiting the sinusoidal microbuckl ing
instabilities normally associated with fiber-reinforced composite com-
pressive failure [42].
Fibers recovered from the solvent-cast nylon matrix were in a per-
manently compressed state because kink bands were observed after removal
of the matrix-induced compressive load. The tensile behavior of such
compressed fibers is illustrated in Figure 2.6. The dramatic change in
the shape of the stress-strain curve from that of the as-received Kevlar
49 fiber was seen with initial tensile loading. The fiber extended at a
nearly constant and low stress to approximately 2% elongation. With
further extension there was a large upturn in the curve as the apparent
fiber modulus increased. After removing the tensile load, the fibers
were found to have attained a new gauge length 2.0 + 0.5% greater than
the initial 50 mm length. SEM micrographs of previously kinked fibers
after the first tensile loading are shown in Figure 2.7. These pictures
reveal that the kinks have unfolded, appearing only as stretch marks or
depressions on the fiber surface.
Figure 2.6
me"?harhL"h'°"5'''°" "'^'"'"^ °f a Kevlar 49
( e?ore en e test'l^h™'^^ ""P''"^^'' 3%.
Figure 2.5b) appeared as shown in
27
Figure 2.7
(a) SEM micrograph of previously kinked Kevlar 49fiber after tensile loading to ^75% of tensile
strength, (b) Enlargement of region outlined in(a j
.
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The tensile stress-strain curve measured upon reloading the
fibers to break is almost indistinguishable fro. the curve obtained for
as-received fiber (Figure 2.6). The tensile properties of previously
compressed and as-received Kevlar 49 fibers are su-arized in Table 2.1.
Surprisingly, the only permanent effect of prior compressive kinking on
the tensile properties is a small loss in tensile strength.
The tensile fracture surface of a previously compressed fiber
loaded in tension to failure is shown in Figure 2.8. The longitudinal
splitting is identical to that observed for as-received fibers also
fractured in tension [33,43]. Examination of the fibers at high magnif-
ications gave no indication that tensile failure initiated from a kinked
region.
Further proof that the recoverable tensile properties of Kevlar
fibers are relatively insensitive to axial compression is the small
measured loss in tensile strength of fibers subjected to compressive
fatigue using the four-point beam bending technique. The tensile
strengths of these fibers listed in Table 2.2 show that even after 100
cycles to 1.2% compressive strain there is only a 10% loss in strength.
Faint helical kink bands were observed only on isolated fibers which had
been compressed to maximum strains of 0.8% and 1.2%.
2.4 Discussion
A 0.5% critical axial compressive strain measured for Kevlar 49 us-
ing the beam bending technique is comparable to strain values calculated
at the apparent yield ooint in the fiber elastica tests. However,
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Table 2.1
Effect of 3% Axial Compressive Strain on
Tensile Properties of Kevlar 49
Fiber History
Tensile Modulus
(GPa)
Elongation at
Break (%)
Tensile Strength
(GPa)
As
-received 125 2.5 3.2
Compressed*
3% 125 2.5 2.7
*Taken from second loading curve (see Figure 2.6). Values represent anaverage of eight tests. ;
c^ ^J^t;b ^^:
Figure 2.8
SEM micrograph of tensile fracture surface of
previously compressed Kevlar 49 fiber.
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Table 2.2 •
Effect of Axial Compressive Fatigu
Tensile Strength of Kevlar 49
Tensile Strength
Maximum Compressive Number of Compression Cycles
Strain (%) l
'
10 100
J.J 3.1 3.2
3.0 3.1 3.0
3.3 3.3 2.9
As-received Kevlar 49: 3.3 GPa
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this value for was determined in the beam bending tests from the
appearance of permanent and therefore visible kink bands in unloaded
fibers. Therefore the value of reported here represents an upper
limit for the strain to kink formation. This could partially account
for the discrepancy between and the reported 0.3% compressive yield
point for unidirectional Kevlar 49 composites.
No sinusoidal microbuckl ing instabilities were observed for the
nylon matrix-compressed single Kevlar filaments with up to 3% axial
strain. This observation implies that the microbuckl ing theories of
unidirectional composites which can satisfactorily predict the compres-
sive strengths of composites based on isotropic fibers may have no bear-
ing on the compressive strength of Kevlar composites. Moreover, this
would explain the differences found by Rosen and co-workers between
measured Kevlar composite compressive strengths and the predicted
strengths calculated using a fiber microbuckl ing theory which was modi-
fied to account for fibers having a low shear modulus [20]. Therefore,
the proposal that the low compressive strength of PPTA fiber composites
is due to the limited axial compressive strength of the fibers [20-22]
is supported by the results obtained here for uniform axial compression
of the PPTA fibers.
Although the compressive strength of Kevlar 49 appears poor in
comparison with the strengths of glass and graphite fibers, it is sig-
nificantly better than the compressive yield strengths of most polymers,
For instance, commercial nylons exhibit yield strengths in compression
of approximately 0.1 GPa compared to 0.7 GPa measured here for Kevlar
49.
A small and nearly constant tensile load is required to unfold the
kink bands of compressed Kevlar 49 fibers. The draw region at this load
persists until the point of extension where all the compression set is
eliminated; i.e., until the kinks unfold completely. Once the kinks
unfold and the fiber segments realign, the initial as-received fiber
modulus can be regained. The large difference in stiffness between
kinked and straightened fibers indicates that the compressive buckling
and kinking occurs throughout the fiber cross-section rather than on the
fiber surface alone. Since there is little evidence of fiber splitting
and loss of tensile properties after the application of as much as 3%
compressive strain or after compressive fatiguing, it seems unlikely
that much chain scission occurs during kink band formation. It is con-
ceivable that the formation of kink bands occurs by bond bending and
rotation, and by chain slippage. Such kink formation may be viewed as
the buckling of microfibrils or of the PPTA chains themselves. Also,
because the kink bands tend to take on a helical shape at the fiber
surface, there may be a propagation of the band from some nucleation or
defect point.
Although the kink bands seem to form almost reversibly, SEM obser-
vations show that there is always some permanent surface damage which
remains after unfolding the kink bands. These residual bands probably
act as defect regions that greatly reduce the fiber compressive strength
and compressive modulus in subsequent loadings.
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Amonq the results obtained in thU ci-i.Hw . fuuLo a ms study, a few appear to conflict
with the results obtained by Dobb et al. [21]. The degree of structural
damage due to kink band formation in Kevlar 49 is much less than seen by
these other workers. In their study, flexural fatigue of Kevlar 49
fibers was performed at maximum bending strains that were identical to
the ultimate tensile strain of the fiber. Therefore, the significant
loss in tensile strennth of Kevlar 49 fibers measured by Dobb et al
.
after flexural fatiguing could be attributed to tensile failure during
bending. Furthermore, the tensile fracture of previously compressed
Kevlar along a plane oriented at 45° to the fiber axis observed by these
workers was never seen in this study for fibers broken in tension after
a 3% compressive strain was applied. It would appear that the Kevlar 49
fibers studied by Dobb et al
.
had been compressed severely enough to
cause massive structural damage within the fiber kink band. Consequent-
ly, it is not surprising that these workers could not find any relation-
ship between the pleated sheet structure of Kevlar fibers and the
formation of kink bands in severely compressed fibers.
The observation of helical bands on the surface of axial ly com-
pressed Kevlar fibers and the correspondence of these bands to V-shaped
bands observed by optical microscopy in the present study suggests that
the extent of detectable damage within the core of compress ively kinked
fibers is minimal. It is reasonable to conclude that the core of the
fiber probably accommodates axial compressive deformation via an in-
crease in the pleat angle of the radially oriented sheets as suggested
by Takahashi et al . [37].
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2.5 Conclusions
A new technique that allows the application of small and known
axial compressive strains to fine fibers was used to determine that kink
bands initiate in Kevlar 49 fibers at approximately 0.5% strain. This
critical fiber compressive strain and corresponding calculated compres-
sive strength of 0.7 GPa are similar to the compressive strains and
stresses in Kevlar 49 fibers at the compressive and flexural yield
points of their composites [17]. Possibly better agreement between
composite data and beam bending measurements of critical compressive
strains could be obtained by examining the bonded fibers in the loaded
or compressed state; i.e.. by maintaining the bent configuration of the
beam during microscopic observations of the bonded fiber.
Although the compressive strength of Kevlar 49 fiber appears low
relative to other high performance fibers, it is several times larger
than the compressive strengths of most polymers.
The effect of axial compression on the recoverable tensile proper-
ties of Kevlar 49 fiber was surprisingly small. The axial compressive
failure of the highly anisotropic Kevlar 49 fiber is perceived to be due
to microbuckling of microfibrils or extended PPTA chains with the resul-
tant formation of visible kink bands.
CHAPTER III
AN ELASTIC MICROBUCKLING THEORY TO PREDICT THE AXIAL
COMPRESSIVE STRENGTHS OF EXTENDED-CHAIN POLYMERS
3.1 Background
The mechanisms of material failure under uniaxial compression are
not as easily perceived as are mechanisms for shear and tensile failure.
The sliding of parallel planes of atoms past one another or the separa-
tion of two parallel planes of atoms are conceptually satisfying mech-
anisms for shear and tensile failure, respectively. Indeed, theoretical
predictions of material shear [44] and tensile [45] strengths have been
calculated based on such mechanisms of failure. Material failure under
uniaxial compression has been observed to occur by several modes, most
of which involve shear deformations.
The most common mode of uniaxial compressive failure for isotropic
materials is plastic deformation (slip) or fracture along material
planes oriented at 45° to the load direction. Stress analysis for axial
compressive loading shows that shear stresses within the material are
maximum along these obliquely oriented planes. Therefore, failure under
compression along lines oriented at 45° to the axis of loading is inter-
preted as simple shear failure. This maximum shear stress criterion for
failure requires only that the magnitude of the applied stress reach
some critical value for failure to occur. Therefore, a material which
fails by this mechanism should do so at the same level of compressive
and tensile stress.
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The mechanism of compressive failure of anisotropic materials
depends on both the material symmetry and the direction of compressive
load application with respect to this symmetry. In some anisotropic
materials there are directions within particular material planes along
which shear defonnation occurs most easily, m single crystals these
directions and planes of easy shear deformation are called slip systems.
If the critical shear stress required to fail or plastically deform the
material within a slip system is known, then the compressive stress
which "activates" the slip system can be calculated from:
o-
COS0 cosi|; (3.1)
where
= critical (resolved) shear stress
0 = orientation of normal to slip plane w/r compressive load
axis
^ = orientation of slip direction w/r compressive load axis
Equation (3.1) is the critical resolved shear stress criterion and, like
the maximum shear stress criterion, it predicts that failure occurs at
the same level of either compressive or tensile load.
A modification of the critical resolved shear stress criterion to
account for the effects of normal stresses on slip planes leads to pre-
dictions of different compressive and tensile stresses for failure [46].
However, despite the different magnitudes of tensile versus compressive
stresses required to fail the material by shear slip mechanisms, the
appearance of the deformed material, i.e., the slip band, is the same
for each tyoe of load.
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com-
When anisotropic materials are uniaxially compressed along a
direction parallel to planes of easy shear slip, infinitely large
pressive stresses are required to cause simple shear failure along these
planes. This prediction is easily verified by considering the magnitude
of the stress calculated using (3.1) as 0 approaches 90°. Under these
conditions a new mechanism of failure must prevail; the most commonly
observed mode is the formation of kink bands.
First described by Orowan [47], kink bands are deformation bands
that result from the cooperative buckling of the planes of easy shear
slip. Such bands form by the rotation of planes of easy shear slip away
from the compression axis with concomitant shear deformation between
these planes. The formation of a kink band by this mechanism is illus-
trated in Figure 3.1. Although kink bands form when compressive loads
are applied parallel to the planes of easy shear slip, this mode of
failure does not operate when tensile stresses are applied along the
same direction. Therefore, the loading of an anisotropic material
parallel to planes of easy shear slip results in different magnitudes of
tensile and compressive strengths as well as different modes of failure
in tension and compression.
Studies of the axial compressive behavior of high performance* PPTA
fibers show that the axial compressive strength of these fibers is only
20% of their axial tensile strength [17]. Furthermore, the PPTA fiber
fails in axial tension by longitudinal splitting [33,43], but fails in
axial compression by kink band formation [17,20,21,37].
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direction of
planes of
ea^ shear
slip
Figure 3.1, Schematic of ideal kink band.
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Recognizing that planes of easy shear slip in PPTA fibers must be
parallel to the extended PPTA chain axis, and therefore parallel to the
fiber axis, it appears that kink band formation in axially compressed
PPTA fibers occurs by the mechanism advanced by Orowan.
Orowan proposed the mechanism of kink based formation based on
observations of compressed metal single crystals [47]. Zaukelies demon-
strated that this mechanism applied to the formation of kink bands in
axially compressed oriented nylon, specifically for the compression of
nylon crystal planes of easy shear slip [48]. More recently, kink band
formation by shear slip between crystallographic planes has been pro-
posed for several axially compressed oriented polymers [37,49-52].
Orowan originally proposed the formation of kink bands by buckling
of "lamellae" planes of easy shear slip, emphasizing that these lamellae
planes need not be atomic planes [47]. Kink bands have been observed in
compressed wood [53,54], rock [55], card decks [56], rubber laminates
[57], and fiber-reinforced composites [58-63]. In these anisotropic
materials, kink bands formed after compression parallel to material
planes of easy shear slip that are much larger than atomic scale.
Therefore, it appears that Orowan 's theory can be applied to kink band
formation due to shear slippage between buckled planes on several levels
of structural scale.
To develop a theory for predicting the compressive strengths of
materials that fail due to the formation of kink bands, it is necessary
to closely examine the stages of kink band development. In all studies
where these stages were examined, the results showed that there was a
nucleation of the band in a s.all region of the compressed material fol-
lowed by kink band propagation with further compression [21,41,47.50.
55-57.59,61-65].
Independent studies of kink band formation in oriented polymers
[65], card decks [56], and rubber laminates [57] where the nucleation
region was closely examined showed that local material buckling preceded
the collapse into a propagating kink band. Indeed, it is remarkable
that the schematic representations of the process of kink band formation
presented in each study are virtually identical. One of these represen-
tations is shown in Figure 3.2.
In this chapter, a theory based on elastic microbuckl ing instabil-
ities for predicting the axial compressive strengths of extended-chain
polymers is developed. In light of the evidence presented for the
mechanism of kink band formation, it is believed that the critical
compressive stress that initiates local buckling instabilities which
subsequently lead to kink band formation in anisotropic materials is
the compressive strength of these materials. Critical compressive
stresses can be calculated using an energy method for elastic instabil-
ity analysis. A brief description of the energy method is presented in
the following section.
3.2 The Energy Method for Determination
of Elastic Stability
The problem of mechanical stability can be approached using an
energy method that is completely analogous to thermodynamic stability
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criteria for phenomena such as phase transitions. The following discus-
sion of mechanical stability will be limited to static equilibria of
linear-elastic systems.
The stability of a structure subjected to external loads can be
analyzed by assuming modes of deformation and the existence of a func-
tion V called the total potential. This function is defined as the sum
of the internal potential energy U (strain energy) and the potential
energy of the external forces that act on the structure:
^=^^^
(3.2)
The work done on the structure by the external forces is defined
as a loss in potential energy:
(3.3)
Therefore (3.2) can be written as:
V = U - W (3,4)
For static equilibrium of the structure, the change in the total
potential V with respect to any deformation must be zero:
9V = 8U - aw = 0 (3.5)
Only the assumed deformation modes which satisfy (3.5) are allow-
able. Furthermore, the equilibrium condition (3.5) aives discrete or
critical values of external loads that deform the structure into these
al lowable modes
.
The type of equilibrium (stable, metas table or unstable) for each
deformation mode and critical load can be ascertained from the second
variation of the total potential V. The three types of equilibrium are
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illustrated by the rigid ball analogy shown in Figure 3.3. The critical
loads which result in a loss of stability are obtained in this manner.
To understand this method of determining mechanical stability,
consider the collapse, due to a compressive load, of a rigid bar that is
supported at its base by a linear-elastic hinge. This problem is illus-
trated in Figure 3.4. Under an axial load P the bar should remain ver-
tical. However, if a small perturbation causes the bar to rotate away
from the vertical through a small angle a, a critical value of P exists
which makes the structure unstable to such perturbations.
The total potential of the structure shown in Figure 3.4 is:
V = |°'^-P^^ (3.6)
where the first term on the right side of (3.6) is the strain energy of
the elastic hinge and the second term is the work done by load P through
the distance ML. From the geometry of the problem illustrated in
Figure 3.4, it is seen that this distance A£ is:
M = ii(l-cosa) (3.7)
which, for small a, is approximated by:
Ail -^ (3.8)
Substitution of (3.8) into (3.6) yields:
V = iS|i.P|^ (3.9)
The equilibrium of the system is given by:
(k-P£)a = 0 (3.10)
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P
Figure 3.4. Illustration of stability problem of a
rigid bar supported at its base by an
elastic hinge.
50
Equation (3.10) is satisfied when a=0 or P - ^ thoc. ^ -.-u •-.c u p - - These two equilibrium
conditions correspond to the cases where the bar remains vertical for
any load P or the bar rotates to any arbitrary angle a at a oarticular
value of P, respectively. The existence of t^o equilibrium defo™ation
modes at the critical load P=k/. is referred to as a bifurcation noint.
Analysis of the second variation of the total potential aiven by:
(3.11)
Shows that the system becomes metastable when the load reaches the cri-
tical value P^^ = k/£. The metastable condition dictates that all rota-
tions a are enerqeti cal ly equal and therefore, small perturbations of
the bar under load P^^ can result in large rotations, i.e., collapse.
Furthermore, the equilibrium condition corresponding to the bar remain-
ing vertical at any load becomes an unstable equilibrium when P>P as
cr
verified by inspection of (3.11).
The steps involved in the energy analysis of elastic stability can
be summarized as follows:
1. Given a structure that is subjected to external forces,
assume probable modes of deformation.
2. Write the total potential function V (3.4) of the system for
the assumed deformation modes.
3. Determine the values of the external loads and the modes of
deformation which satisfy the equilibrium condition (3.5).
4. Establish the type of equilibrium for each loading condition
determined in step 3 from the second variation of V, thereby
determining which are the critical loads that result in loss
of stability.
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In the following sections, a si.ple mechanical
.cdel is introduced
to predict the compressive hucklin, loads of a sinale, extended polymer
chain. Analysis of this model leads to a relationship between the
bendino ripidity of an extended chain and the force constants for bond
angle defonnations. The results for a single chain are then applied to
a collection of such chains that interact through lateral bonding. The
load required to buckle this collection of oriented chains is calculated
as an estimate of the axial compressive strength of high nerformance
nolymer fibers.
3.3 Rigid- Lin k Elastic-Hinge Model for a
Single Extended Polymer Chain
The mechanical modelling of chemical bonds between atoms and mole-
cules with springs has been a oopular concept (refer to any standard
Physical Chemistry text). Indeed, the calculations of theoretical modu-
li of extended polymer chains involve treating the chain as a series of
elastic springs connected by elastic hinges. One of the first calcula-
tions of axial modulus of lonn chain molecules was made by Mark [66],
and since then has been performed by many others for several polymers.
Force constants for the springs and hinges are obtained from infrared
spectroscopy measurements of force constants for bond stretching and
bond angle bending, respectively. For small deflections about equilib-
rium Dositions, the bonding potential energy profile is assumed to be
parabolic so that forces are proportional to deflections. This assump-
tion of linear springs results in equivalent calculated tensile and
compressive moduli.
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Under compression, a lona and stiff oolymer chain can become un-
stable and buckle in a manner similar to the buckling of a Ion. slender
column. Buckling of a chain can occur by bending of bond valence anales
and/or bond rotation (torsion). Even if these deformations were only
sliaht deviations from equilibrium positions, the summation of them all
along a large section of the chain could result in significant chain
axis curvature. The force constants for each type of deformation pro-
vide a measure of the resistance of an extended chain to buckling and
the total effect could be considered a "bending rigidity" of the chain.
If it is possible to obtain a measure of this bending riaidity, then the
application of classical instability analysis can provide an estimate of
the compressive load required to initiate chain buckling.
As in calculations of theoretical moduli, buckling loads are to be
calculated for static conditions by assuming bond lengths, bond anales,
and force constants remain at their respective equilibrium values. The
actual values of equilibrium bond lengths and anqles and the orienta-
tions of bonds with respect to the chain axis differ for each polymer,
and to take these specific geometric factors into consideration is
beyond the scooe of this dissertation. It is emphasized that considera-
tion of these factors will improve the predictive power of the model,
but to introduce the concept of elastic buckling instabilities in fully-
extended polymer chains under axial compression the ^ollowina simplify-
ing assumptions will be applied to the model. The oolymer chain con-
sists of p riaid links of equal length £ oriented along the chain axis.
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which are connected by p-l linpflr-Pi;,c-Hio k,-y P I n ear elastic hinges of equal stiffness k.
A representation of the model is shown in Figure 3.5.
In the model, covalent bonds have been replaced with rigid links
for two reasons. First, tabulated values of force constants indicate
that bond stretching constants are at least an order of magnitude great-
er than torsion and bending constants [25,67]. Therefore, most of the
defonnation in a compressed and buckled chain is primarily due to bond
angle changes. Second, the axial defonnation of a buckled chain is
negligible compared to the displacement due to bending the chain.
Therefore, the contour length of a chain does not change with buckling.
This assumption of "axial rigidity" is also made in the classical analy-
sis of column buckling.
The elastic hinges represent both the bending of valence bond
angles and bond rotation. If bending deflections are small, the hinges
can be considered linear-elastic.
To calculate a critical buckling load for a link-hinge chain hav-
ing p links and p-l hinges using the energy method, it is assumed that
buckling occurs by lateral displacement of the chain from the load axis.
This lateral displacement is defined by values of angular rotation a^.
for each hinge as shown in Figure 3.7.
Next, the total potential V is set equal to the difference between
the sum of strain energies for all the deformed hinges and the work done
by load P through the total axial displacement that results from chain
buckling. The equilibrium of the potential V is determined with respect
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8a.
are all
to each hinge rotation; i.e.. the equations obtained from
set equal to zero. Therefore, the equilibriu™ condition yields a system
of p-1 linear and homogeneous equations with variables a, and coeffi-
cients that are functions of P. k and i. The determination of the loads
P which satisfy the equilibria condition is an eigenvalue problem with
p-1 degrees of freedom. The p-1 eigenvalues of P obtained from the non-
trivial solution of the d-1 linear and homogeneous equations are the
compressive loads that cause buckling. The minimum positive eigenvalue
is the critical buckling load P^^. An example of the application of the
energy method to the buckling of a chain with four links is aiven in
Appendix I.
The calculated critical loads for any value of p are all of the
form:
•"or
'
*p'f (3.12)
where the coefficient A is a function of p only. Values of A for d
r P
ranging from 2 to 7 are given in Table 3.1. These results show that the
critical buckling load decreases with increasing chain length.
In performing the calculation of critical loads by energy analysis
of each hinge, it becomes evident that the computation difficulty in-
creases rapidly with increasing model chain size. In other words, for a
chain with p links the determinant of a (p-l)x(p-l) matrix must be
found, and after setting this determinant equal to zero the roots of the
resulting (p-l)th order polynomial must be determined. So that the
buckling analysis may be applied to polymer chains where p is very
Table 3.1
2
3
4
5
6
7
2
1
0.5858
0.3820
0.2680
0.1981
2.4674
1.0966
0.6169
0.3948
0.2742
0.2014
(tt/p)
0.811
0.912
0.950
0.968
0.977
0.983
pexact
_
. ,k.
cr
"
papprox
^ /l\2/k_x
large, a single approximate relationshio between the critical buckling
load and the values p, k, and z is derived in the next section.
3.4 ApproximatP Ruckling Load Formtil.
For Long Link-Hinge ChaT^
Intuitively, it appears that the buckled shape of a long link-
hinge chain (p large) should be similar to the shape of a buckled elas-
tic column of the same length and with the same end restraints. This
analogy is illustrated in Figure 3.6.
Timoshenko and Gere [68] have shown that the strain energy of a
buckled slender column (Figure 3.6a) is given by:
'~-^to (3.13)
where EI is the bending rigidity of the column and v=v(x) is the curve
describing the lateral displacement (deformation) of the buckled column.
The work due to load P acting through the axial displacement that
results from buckling is:
W = PA£ = I
(3
(d^^ (.3.14)
In classical buckling instability analysis of a slender column
with pinned ends, the deformation pattern due to buckling is a sine wave
that is described by:
v(x) = B sin(^) (3.15)
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Substitution of (3.15) into (3.13) and (3.14) yields:
4L^ (3.16)
"L (3.17)
The variation of these quantities with respect to the assumed defeca-
tion mode (3.15) is simply the variation taken with respect to B, the
amplitude of the sine wave that describes that lateral deflection of the
buckled column:
4
^ (3.18)
aW =
-2i-8B (315^
At equilibrium:
98 " " ZT^^ " ° (3.20)
which is satisfied when either B=0 (no buckling) or when the load
reaches the value:
2irT
D - EI
cr--^ (.3.21)
Equation (3.21) is the well-known Euler formula for the buckling
load of a slender column with pinned ends. It is readily verified from
the second variation of V that this load P results in a metastable
C 1^
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equilibrium for any deflection i « iy u ii , i.e., any value B. Furthermore, loads
greater than the value given bv ?n v.oc,,i4. • ^c H oy result in unstable equilibrium if
the column remains undetected (B=0).
The analogy between buckling of slender columns and buckling of
long link-hinge chains is made by assuming that the shaoe (deformation)
of the buckled chain approaches that of the buckled column as the number
of chain links p increases. The shape of the buckled chain is described
by the angles a. = a(x.) that are defined with respect to the coordinate
system depicted in Figure 3.7.
Referring to Figure 3.7b, it is seen that the strain energy of
bending at hinge i is: "
The strain energy for the whole link-hinge chain is:
The axial displacement due to bending at hinge i is:
A£. = £(l-cosa.) (3.24)
which, for small , becomes:
2
a.
A^i - £(2^) (3.25)
Therefore, the total axial displacement due to buckling is:
A£ = 5; A£. = y I ia. (3.26)
i=l ^ i=l
^
Figure 3.7
(a) Coordinates describing shape of buckled
link-hinge chain, (b) Expanded view of chainin vicinity of hinge i.
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The work due to load P act1„<, throuah this total displacement is:
2 i=l T (3.27)
From examination of Figure 3.7b it is clear that:
£cosa^. = Ax^.
which, for small a^.
, becomes:
i - Ax.
If (3.23) is multiplied by (£/£), the result is:
i = l ^ ' i = i
and substitution of (3.29) yields:
2
Similarly substitution of (3.29) into (3.27) yields:
(3.28)
(3.29)
U= (I) I I
(a.-a._^)2=_k
j (a.-a._^)^£ (3.30)
^ = 21 J ^^'i'^'i-l) (3.31)
P P""" 2
^ = 2 ^'i^^' (3.32)
n
.b
lim
5; f(w.)Ax = f(x)dx (3 33)
n-x» i = l J a
Recalling the definition of a Riemann integral
f
where w. is any point in the subinterval [x._^,x.], then in the limit of
an infinite number of links p, equations (3.31) and (3.32) converge to
the following definite integrals:
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2£
0
(a.-a._^)2dx
(3.34)
L
2 .
a^.dx
(3.35)
It is verified from inspection of Figures 3.6 and 3.7 that any
analytical expression v(x) that defines the shape of the buckled link-
hinge chain must be related to the quantities a.=a(x.). Therefore, in
the limit of p--, the terms in (3.34) and (3.35) that are functions of
a. can be replaced by functions of v(x). The details of the derivation
of the relationship between the analytical function v(x) and the angular
deformations a.=a(x.) are presented in Appendix II. The results show
that in the limit of p^, the first and second derivatives of v(x) are:
dv
dx
= a (3.36)
d^v
dx
^i-^'i-l
(3.37)
Substitution of (3.37) into (3.34) yields
(^)dx
0 dx
(3.38)
which, after substitution of (3.15), gives
U =
4 ?
^^?
(3.39)
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Substitution of (3.36) into (3.35) yields:
W =
P
0 (3.40)
which, after substitution of (3.15), gives
(3.41)
After taking the variation of strain energy (3.39) and work (3.41) with
respect to the amplitude B of the sine wave that describes the deforma-
tion, the equilibrium condition is given by:
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=
(iS^. pZ^b - n9B
^2L^ 21
-
^ (3.42)
Equation (3.42) is satisfied when B=0 or when:
2
p _ TT k£
cr " ~jr C3.43)
This axial load sets up a metastable equilibrium in the link-hinge
chain, and higher loads cause the undetected chain (8=0) to become
unstable.
Equation (3.43) gives the approximate value of critical load re-
quired to buckle a long link-hinge chain. This equation is completely
analogous to the formula for the buckling load of a slender column
(3.21). Direct comparison of (3.43) with (3.21) shows that the bending
rigidity of the link-hinge chain is kZ. The dimensions of this product
are equivalent to those of column bending rigidity EI, namely
(force) (length)
.
The validity of using the approximate equation to predict the cri-
tical buckling load of the link-hinge chain can be demonstrated by
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comparing values of P^^ calculated using (3.43) with the exact values
calculated in Section 3.3 for several values of p. By noting that L=p£,
where L is the overall chain length, equation (3.43) can be modified to
give:
cr ^p^ ^£^' (3.44)
This equation allows a direct comparison between the coefficient (tt/p)^
and the coefficient Ap defined in equation (3.12). The values of these
coefficients are given in Table 3.1. Clearly the agreement is very good
even for chains of only seven links.
The derived approximate fomula (3.43) is significant because it
allows calculation of critical buckling loads for a polymer chain (given
the imposed assumptions) from bond bending and torsion force constants,
bond lengths, and total chain length. It also demonstrates that the
bending rigidity of such a chain is a function of the resistance to bond
angle defonnation and the length of the bonds along the chain axis.
Inspection of (3.43) will reveal that the buckling loads diminish
rapidly with chain length. This result, which neglects the effects of
interchain interaction, predicts extremely low compressive strengths for
polymer chains of only average molecular weight. As an example, the
compressive strength of PPTA fibers will be calculated using (3.43).
Because a buckled chain can only support a load which is equal to
the critical load, the load required to buckle a collection of non-
interacting chains, regardless whether the chains buckle one at a time
or all at the same instant, is simply the sum of the buckling loads for
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each Cham. Therefore, the critical stress for hucMIng a single chain
-
equal to the buckling stress for any collection of laterally non-
mteractlng chains. A stress calculated In this
.anner can be used as
an estimate of the compressive strenath nf -F-ih^ u •K o^. b g n ot a fiber having relatively
poor lateral strength and stiffness.
Typical force constants for bond angle bending are k=0.5xl0-^8
J-rad-l [67]. Most covalent bond lengths are approximately lA. The
average length of a PPTA molecule is 2100A [33,34] and the cross-
sectional area per chain in the unit cell is 20.24a2 [25]. Using
(3.43), a critical stress of only 0.06 MPa is calculated. This estimate
is compared to the measured compressive strength of 700 MPa (Chapter 2).
Clearly, in order to predict the compressive strength of a fiber com-
posed of highly oriented and fully extended chains, interchain interac-
tions must be considered.
3.5 Buckling of Laterall y Interacting Link-Hinge Cha i ns
•
Predictions of High Performance
Fiber Compressive Strength
The lateral interactions between linear polymer chains in high
performance fibers are usually secondary bonding forces. For small
deviations away from equilibrium separation, these* lateral bonds can be
adequately modelled with linear springs. Therefore, when a polymer
chain is subjected to an axial compressive load, its tendency to buckle
and deflect laterally will be opposed by forces which are approximately
proportional to the magnitudes of the lateral displacements.
A collection of fully extendpHu ed and well-onented chains that in-
teract as just described can be trP^tpH :.c «io ea ed as elastic columns supported by
a linear-elastic foundation. The pIac+iV -f^ ^in el st c foundation is a hypothetical
-trix that has a stiffness that is the su. of the interactions of all
the individual lateral bonds. The application of the energy method for
determining the buckling loads for elastically supported columns has
been reported by Timoshenko and Gere [68]. Their analysis was applied
to a single column supported on only one side by an elastic foundation.
The extension of this analysis to the buckling of a collection of
columns on a foundation has been reported by several investigators as a
prediction of the axial compressive strength of unidirectional fiber-
reinforced composites [42,69,70]. A similar analysis will be performed
here, following especially the work of Rosen [42], in order to calculate
the compressive buckling loads of a collection of link-hinge chains that
interact laterally. These loads will be used as theoretical estimates
of the axial compressive strengths of high performance polymer fibers.
An element of the collection of link-hinge chains which is to be
analyzed for compressive buckling instabilities is shown in Figure 3.8.
This lattice of perfectly oriented link-hinge chains, all of length L,
is assumed to extend over large lateral distances.
To determine, using the energy method, the loads that initiate
buckling instabilities in the collection of chains, probable modes of
buckling must first be assumed. The shape of each buckled chain can be
described by a series of trigonometric functions which are all periodic
over length L. For simplicity it is assumed that the buckled shape of
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each Cham has the sa.e wavelength. Therefore, the only difference
between neighboring chains is a phase
.is.atch. The two extreme cases
considered here are when the chains buckle completely in or out of phase
as shown in Figure 3.9. These configurations were called extension and
shear
.ode buckling by Rosen because of the nature of defonnation in the
foundation.
The total potential for the assumed buckling modes is:
1 2 (3.46)
where is the strain energy of the buckled chains and is the addi-
tional strain energy of the deformed elastic foundation. The equilibri-
urn condition for this problem is:
The quantities and W for a single buckled link-hinge chain have
been defined earlier (see (3.38) and (3.40)). The equations for the
strain energy of the foundation must be derived for each of the two
buckling modes. The details of this procedure and the calculation of
the critical buckling loads for extension and shear mode buckling are
presented in Appendix III. The energy balance is applied to a single
chain in the collection, and therefore the calculated critical buckling
loads are the loads required to buckle one chain. Because the chain
packing within the collection is assumed to be symmetrical and homo-
geneous, the critical stress for single chain buckling is equal to the
critical stress to buckle the whole collection.
The critical stresses for extension mode and shear mode
cr cr
buckling are given by:
f t
.
p p
Extension Mode Shear Mode
Figure 3.9. Deformations with extension and shear mode
buckling of a collection of link-hinge chains
(Adapted from [42])
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where
(3.48)
=G
(3.49)
= transverse Young's modulus
A = cross-sectional area per chain
G = longitudinal shear modulus
The values and G are the appropriate elastic constants of the polymer
fiber.
These compressive strength predictions are similar to those
obtained by Rosen, except for the omission of a "volume fraction" term
that is meaningless in the present analysis. The predicted compressive
strength of a high performance polymer is the lower value of the
strengths given by (3.48) and (3.49).
For the particular case of shear mode buckling, the result (3.49)
was obtained by neglecting the bending strain energy of the buckled
chain. This condition is valid for long link-hinge chains. Therefore,
any assumed buckling pattern that involves only shear deformations of
the elastic foundation (i.e., any "in-phase" or cooperative buckling
mode) will give the same result for the buckling stress. Examples of
several buckling patterns for the collection of long link-hinge chains,
which all require a compressive stress equal to the foundation shear
modulus to initiate buckling, are illustrated in Figure 3.10. Compari-
son of these buckling patterns, especially Figure 3.10c, with those
observed in the nucleation region of a kink band (Figure 3.2) clearly
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pe e ally observed deformations and
those assumed for shear mode buckling analysis.
3.6 Summary
The use of a rigid link-elastic hinge chain to model the axial
compressive behavior of extended polymer molecules permits the calcula-
tion of a bending rigidity for single chains. This bending rigidity is
the resistance of a polymer chain to bending and buckling, and has been
shown to be proportional to valence bond bending and bond torsion force
constants. The model can be used to calculate single chain buckling
loads for isolated or weakly interacting chains such as in polymer
solutions and melts. An example calculation for a PPTA chain gave an
estimated buckling stress of only 0.06 MPa. Flow fields which lead to
compression or bending of the polymer chains may result in flow insta-
bilities or even chain scission as a result of severe bending.
The compressive stress required to initiate buckling instabilities
in a collection of laterally interacting link-hinge chains was calcu-
lated as an estimate of the axial compressive strength of high perfor-
mance polymer fibers. For the case of shear mode buckling, i.e.,
cooperative buckling of the chains, the compressive strength is pre-
dicted to be equal to the longitudinal shear modulus of the fiber.
Examination of several shear mode buckling patterns, all of which
require a compressive stress equal to the shear modulus to initiate
buckling, showed that this mode of buckling closely resembles the buckl-
ing deformation observed for nucleating kink bands [56,57,65].
The analysis presented herein was for the bucUIng of a collection
Of polymer chains. The prediction of compressive strength for shear
-Ode buckling was obtained after assuming the support given by the
chains against buckling (i.e.. the chain bending strain energy) was
negligible when compared to the support given by the elastic foundation
This assumption is valid for long chains and it dictates that only the
longitudinal shear modulus-and therefore only the lateral interactions
between chains, and not the inherent bending rigidity of chains-
supports the collection of such chains against buckling. It is easily
demonstrated that this prediction also applies to the buckling of long
and Slender microfibrils, because the buckling load for any single
column, chain or microfibril diminishes with the square of the length.
Therefore, the analysis of shear mode buckling of a collection of long,
slender and rigid microfibrils predicts initiation of buckling at a
compressive stress equal to the shear modulus of the "interface" between
microfibrils.
The comparison of compressive strengths predicted by the analysis
of this simple model with experimentally determined axial compressive
strengths of high performance polymer fibers is presented in the fol-
lowing chapter.
CHAPTER IV
THEORETICAL AND MEASURED AXIAL COMPRESSIVE STRENGTHS
OF HIGH PERFORMANCE POLYMER FIBERS
Ulntroducti on
The axial compressive load that initiates elastic microbuckl ing
instabilities for laterally interacting extended polymer chains was cal-
culated in Chapter 3, using a simple model for the chains, as an esti-
mate of the axial compressive strength of high perfonnance polymer
fibers. Assuming that the degree of interchain interaction can be
characterized by the transverse tensile and longitudinal shear moduli of
the polymer fiber, the following two equations for critical buckling
stresses for a collection of chains were obtained:
^cr " r~ (4.1)
^cr = (4.2)
where E^ = transverse Young's modulus
G = longitudinal shear modulus
A = cross-sectional area of chain
k = force constant for bending or torsion of bonds in back-
bone of chain
I = covalent bond length in chain backbone
The two calculated critical stresses are for extension mode (uncoopera-
tive) buckling and shear mode (cooperative) buckling (see Figure
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3.9). The lower of these ^o calculated stresses is the theoretical
est.™te of axial compressive strength for any particular fiber.
The validity of these theoretical estimates was examined in this
study by measuring the compressive strengths of six high performance
fibers
4.2 Experiment;^!
Of the six fibers examined, three are spun from anisotropic soly
tions of lyotropic liquid crystalline polymers by the dry jet-wet spin-
ning process [5]. These include poly(p-phenylene terephthalamide)
(PPTA). poly(p-phenylene benzobisthiazole) (PBT), and poly(2,5-benzox-
azole) (ABPBO). All three fibers were tension heat-treated after
spinning to improve orientation and thereby increase axial modulus.
Kevlar'^ 49 was the PPTA fiber selected for this study.
A fiber that is melt-spun from an anisotropic melt of a thermo-
tropic liquid crystalline polymer was also examined. This fiber is a
nematic thermotropic polyester (NTP) produced by Celanese Co., and it
was also subjected to tension heat-treatment after spinning. The chemi
cal structures of all four liquid crystalline polymers are shown in
Figure 4.1.
A high modulus/high strength polyethylene (PE) fiber produced by
the gel-spinning process [13] was obtained from the Allied Co.
The sixth type of fiber examined is a high-modulus graphite fiber
(Union Carbide P-75) that is spun from mesophase pitch. This fiber is
stretched during the graphi tization process to improve orientation and
poly (p-phenylene terephthalamide) (PPtA)
^ Jn
poly (p-phenylene benzobisthiazole) (PBT)
n
poly (2,5-benzoxazole) (ABPBO)
nematic thermotropic polyester (NTP)
4.1. Chemical structures of 1 iquid-crystal 1 i
polymer fibers
.
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therefore axial modulus [3.4]. The graphite fiber Is Included In this
study of fiber axial compressive strengths because these fibers gener-
ally exhibit a structure of axlally oriented microfibrillar graphite
ribbons that have the crystalline graphite basal plane oriented parallel
to the long axis of the ribbons. In terms of the model proposed for
extended chain polymers, the graphite fiber structure can be modelled
with laterally Interacting extended graphite sheets that may buckle
under compression.
The reasons for selecting one particular graphite fiber are two-
fold. First, studies of the compressive behavior of graphite fibers
show that buckling or kinking occurs only in compressed fibers that have
a well
-developed and well-oriented graphitic structure [41,71]. These
fibers are produced by heat- treatment to 2800°C and they typically
exhibit the highest tensile moduli of all graphite fibers. Second, the
P-75 fibers appear to have a well-developed radial structure; i.e., the
graphite basal planes are oriented predominantly parallel to fiber radii
(see Figure 4.2). Therefore, the shear modulus for deformation between
graphite basal planes should be nearly equal to the torsion modulus for
such fibers. This shear modulus is the estimate of axial compressive
strength for graphite fibers that fail due to the shear mode buckling of
extended graphite sheets (4.2).
The diameter of fiber samples was measured at several locations
along each sample length. The cross-sections of all fibers, except PE,
were circular. Therefore, with the exception of PE, all diameters were
measured using a laser diffraction technique [72] that yielded values
Figure 4.2
P-75l^;°h^rftJ^"^^-^^ ^-"-e surface of
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with a precision of approximatelv +2r Th= a- .iMi iy +<;/,. The diameters obtained from
measurements of the la<;pr Mff„^^-ase diffraction pattern are calculated using
equations derived for a perfectly reflecting fiber. Por some fibers
notably the fine-diameter PPTA. PBT, and ABPBO fibers, the sharpness 'pf
the diffraction oattern was enhanced after making the fibers less trans-
parent by coating the samples with a negligibly thin (250A) layer of
gold using a Polaron sputter coating apparatus. The enhanced diffrac-
tion pattern improved the precision of diameter measurements for these
three fibers without altering the mean value of diameters measured
before and after gold coating. The thin layer of gold on the fiber
surface had no measurable effect on the mechanical properties of the
fibers
.
The PE fibers had an irregular cross-section that varied signifi-
cantly along sample lengths. The area and shape of each PE fiber sample
was determined, after testing, at several locations along the length by
embedding the fiber in microtome resin and cutting transverse sections
that were subsequently examined using light microscopy. Micrographs of
sections cut from locations approximately 2mm apart along the fiber
length were used to determine the cross-sectional area of the fiber by a
paper-weighing technique. The scale factor for area calibration was
obtained from a micrograph of a stage micrometer taken at the same
magnification as the fiber cross-section micrographs.
Fibers were mounted onto cardboard tabs with epoxy for mechanical
tests [19]. Tensile tests were performed on samples with gage lengths
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ranging from 2-8 cm to correct for machine compliance effects [43].
Tensile properties of PE and graphite fibers «ere obtained from manu-
facturers.
The torsion modulus of the fibers was measured using a free tor-
sion pendulum [19,74] (see Figure 4.3). The equation for calculating
the torsion modulus from measurements of underdamped torsional oscilla-
tions of a fiber with circular cross-section is given by:
G
-
16 ^ (4.3)
where = moment of inertia of disc pendulum
£ = sample length
T = period of oscillation
r = fiber radius
£n A = logarithmic decrement of amplitude
Torsion pendulum tests were performed at ambient conditions, and
damping was noticeable for every fiber tested. However, all values of A
were found to be >0.5 and therefore, as readily verified from (4.3), the
damping had negligible effect on calculated torsion modulus values.
Therefore, the torsion modulus was accurately determined using the
approximation:
8tt I .£G--^^ (4.4)
T r
Fiber samples 2 cm long were set into torsional oscillation by
twisting the disc pendulum manually and then carefully releasing the
pendulum. This initial twist never exceeded a fiber surface shear
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disk pendulum
Figure 4.3. Schematic of torsion pendulum apparatus.
strain of 0.«. The period of oscillation was
.eas..ed by tl.ln, the
-t,on of a .ar. on the disc pendulu. relative to a .ar.ed position on a
stationary olatfor. placed just beneath the oscillating pendulu..
TWO cla.p-type aluminum ,ear blanks were used as disc pendulums
The polar mor^nts of Inertia of the two gear blanks were calculated to
be 50.3 and 354 g-™^ using dimensions measured with a micrometer (accur-
ate to
1 um) and weights measured with an analytical balance. The
accuracy of these measurements was checked by using them to calculate
densities for al»1nu^ of 2.712 g/cc and 2.717 g/cc, which are 1n excel-
lent agreement with the actual density of 2.699 g/cc. The large pendu-
lum was used for the PE fiber tests and the small one for all other
fiber tests.
The fiber axial compressive strengths were calculated from the
product of the compressive strain to kink band formation and the axial
tensile modulus. This calculation is based on the assumptions that the
fiber is linear-elastic up through the compressive strain for initiation
of kink bands and that the axial tensile and compressive moduli are
identical. The critical compressive strains to kink band formation were
measured using the beam bending technique described in Chapter 2. How-
ever, in the tests performed here, fibers bonded to the surface of thick
transparent elastic beams were compressed by bending the beam in a
cantilever configuration. Cantilever beam bending sets up a linear dis-
tribution of longitudinal compressive (and tensile) strains along the
beam length as shown in Fiaure 4.4.
Figure 4.4. Longitudinally distributed axial normal
strains in an elastic beam loaded in
cantilever bending.
Fibers were examined in the compressed state by holding the bea.
in the bent configuration during optical microscopic observations. A
schematic of a simple rig built for this purpose, which sits on the
stage of the optical microscope, is shown in Figure 4.5.
Fibers were mounted under slight tension (0.5g) onto the surface
of 1/2 in. X 1/4 in. x .6 in. Lucite^ beams, parallel to the length of
the beams, by applying several coats of Krylon^ Acrylic Spray. Fibers
were tested after allowing the acrylic coating to dry to a hard film.
It is emphasized that any shrinkage of the film during drying, which
might put residual compressive stresses on the bonded fibers. Is pre-
vented by using only a thin acrylic coating on a relatively thick beam.
After a beam containing bonded fibers was clamped in the rig as
shown In Figure 4.5, a circular wedge was inserted between the beam and
the base plate of the rig to deflect the beam. Bonded, compressed
fibers were examined in srtu using a transmission light microscope.
After insertion of a wedge of known diameter v to a distance L measured
from the clamped end of the beam, the distance d from the clamped end of
the beam to the point along the compressed fiber length where the last
kink band was seen was recorded. The compressive strain in the fiber
at any point x measured from the clamped end is assumed to be equal to
the surface strain g(x) of the bent beam at the same location. This
strain is calculated from:
e(x)
-^{^ -h (4.5)
where t is the thickness of the beam.
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The critical compressive strain for Mnk band formation is
obtained by substituting x=d into (4.5).
The compressive strain distribution in the fiber could be changed
either by using a larger diameter «edge or by moving the wedge closer to
the Clamped end of the beam (i.e.. reduce L). In this manner previously
undamaged (unkinked) regions of the bonded fiber could be tested to
determine c^. Thus, several dete^inations of were obtained from one
length of fiber. Because the compressive strain to kink band fo™ation
was measured, fibers with irregular cross-section such as the gel-spun
PE could be tested with the same accuracy as fibers having circular
cross-sections.
Equation (4.5) is derived from linear beam theory, which is based
on the assumption of small curvatures for bent beams. Therefore, in all
tests performed here, relatively small diameter wedges (i.e.. small beam
deflections) were held at relatively large distances L so that use of
(4.5) to calculate c would be valid.
The morphology of compressi vely kinked fibers was examined using
scanning electron microscopy (SEM) and optical microscopy. Kinked
fibers were prepared for microscopic observations by using the solvent-
cast nylon-6 matrix shrinkage technique for fiber compression described
in Chapter 2. However, the relatively thick PE fibers required a thick-
er film for compression. For these fibers, an approximately 1mm thick
layer of Duco cement was spread over fibers held aligned on a glass
plate. The shrinkage that occurred as the cement dried at room tempera-
ture was sufficient to cause kink band formation in the embedded PE
fibers. The surfaces of kinked PE fibers were observed by SEM after
dissolving the surrounding Duco cement film with acetone.
optical microscopic observations of kink band formation at several
levels Of compressive strain in a single region along a fiber length
were made using the cantilever beam bending technique. The strain in
one location along a bonded fiber could be increased by simply moving
the wedge closer to the clamped end of the beam.
Tensile tests were performed at strain rates of approximately
5 X 10-Sec-l using an Instron Universal Testing Machine. A polarizing
Zeiss optical microscope was used to. examine fibers bonded to bent
beams. The surfaces of fibers befnrp anH af+^v. ™«i i^crb u ro e and after compression were exam-
ined using an ETEC Autoscan SEM.
4.3 Results
The range of diameters and the tensile properties measured for
each fiber are listed in Table 4.1. Fibers which were produced in large
quantities, namely, PPTA (Kevlar 49), PBT and graphite, exhibited rela-
tively uniform diameters along sample lengths. The filament-to- filament
variation in diameter for these three fibers was relatively small. The
ABPBO and NTP fibers were produced by laboratory-scale spinning pro-
cesses and were found to exhibit large variations in diameter, both
along the length of one filament and between filaments.
Each type of fiber is one variant of a family which exhibits a
wide range of properties that depend on spinning and post heat- treatment
conditions. The fibers selected for testing in this study exhibited
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Table 4.1
Tensile Properties of Fibers
Diameter
Range (ym)
Modulus
(GPa)
Strength at
Break (GPa)
PPTA 11.4-12.8 123
+5.7
"5 OJ . C
+0.16
PBT 12 4-1 ? R 265
+15
2.6
+0.20
ABPBO 13.2-18.1 120
+10
3.0
+0.55
NTP 18.7-26.1 77
+2.9
3,2
+0.64
PE (38)* 117* 2.6*
Graphite 9.7-10.0 500* 2.0*
*Manufacturer' s data
+ values are standard deviations
some of the best tensile properties .tf;,-;n.Ki ^h^rupert attainable for each material.
Although the moduli of these matPH;,ic^n erials cover a range of values, the
tensile strengths are all surnHcinni., •prisi gly similar. The coefficient of
variation of tensile strengths ranged from 10% to 20%. AH fibers
except PE. exhibited proportional tensile behavior to break. Therefore
a reasonable estimate of strain at break for these fibers is simply the
ratio of tensile strength to tensile modulus.
A 2 cm length of PE fiber was tensi le- tested to a load below
break. This fiber exhibited tensile yield behavior. After testing, the
intact fiber was embedded in resin and sectioned to deten^ine the shape
and area of the cross-section. The profiles of two transverse sections
of this fiber sample taken approximately 1 cm apart are illustrated in
Figure 4.6a. The cross-sectional area was determined to be 1.1 x 10V.
Assuming the fiber "diameter" supplied by the manufacturer was calcu-
lated using linear density measurements, this hypothetical diameter cor-
responds to a cross-sectional area of 1.13 x 10V. Therefore, the
areas calculated from micrographs of transverse fiber sections are in
excellent agreement with manufacturer's data.
Using a machine compliance value obtained from tensile tests of
other fibers under the same test conditions, a tensile modulus of 110
GPa was calculated for the single PE sample tested here. Within experi-
mental error, this value is identical to the tensile modulus of 117 GPa
quoted by the manufacturer. The limit of proportionality (onset of
yielding) occurred at a tensile stress of 170 MPa.
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Values of torsion moduli R rr-tn^^ia i u, critical compressive strains r and
calculated axial compressive strengths for each fiber are given in Table
4.2. Axial compressive strengths of PPTA (Kevlar 49) [17] and PBT [75]
mers were also obtained from calculations of the stress in each fiber
at the reported yield or failure point measured for axial (0=) compres-
sion-testing Of unidirectional composites of these fibers. These values
are also listed in Table 4.2.
The graphite fiber is opaque and therefore could not be measured
for compressive strength using transmission optical microscopy with the
beam bending technique. However, the compressive strengths of similar
pitch-based graphite fibers were calculated by other workers who used
the elastica test to measure the compressive stress that initiated in-
elastic behavior [71] and an axial compression test to measure critical
compressive strains [41]. The compressive strengths calculated in both
studies corresponded to the axial compressive stress in the fiber at the
onset of localized buckling that appeared on the fiber surface as a
deformation band oriented at 90° to the fiber axis. The range of com-
pressive strengths obtained for graphite fiber in these studies is given
in Table 4.2.
It was discovered that axial tensile stresses resulted in an
apparent increase in the torsion modulus that is given by the equation:
G*=aa+G (45)
where a is the axial tensile stress, G* is the apparent torsion modulus,
G is the true torsion modulus and a is a constant approximately equal to
0.75. The reasons for and implications of this effect are examined and
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Table 4.2
Torsion Moduli and Compressive Strengths of Fibers
Torsion
Fiber Modulus (GPa)^
Critical
Compressi ve.
Strains (%)°
Calculated
Compressive
Strengths (GPa)
Compos i te
Compressive
Strength (GPa)^
PPTA
PBT
ABPBO
NTP
PE
Graph i te
1.5
+0.20
0.50 0.62
+0.063
0.45®
1.2
+0.14
0.10
+0.022
0.27
+0.075
0.31^
0.62
+0.07
0.18
+0.032
0.21
+0.055
0.45
+0.04
0.15
+0.008
0.12
+0.011
0.7
+0.22
0.08
+0.017
0.09
+0.019
5.6 1.3-2.0^
'Corrected for pendulum weight, except graphite
Corrected for tensile prestrain applied during mounting to beams
compressiveCalculated from a /V., where a = fiber composite 0°
strength,
= fiber volume fraction of composite.
^From references [41,71].
^From reference [17].
f
From reference [75],
+ values are standard deviations.
lue
on
discussed in Chapter 5. For the present study it is only necessary to
consider the increase in measured torsion modulus due to the weight of
the disc pendulum. Therefore, the values of the true torsion modulus
for each fiber are given in Table 4.2. For the thinner fibers, this
correction for pendulum weight amounted to as much as 10%.
Only one successful test for the torsion modulus of the extremely
brittle graphite fiber was performed. In addition, the effects of
tension on the torsion modulus of this fiber could not be measured d
to fiber breakage during handling. For these reasons, the torsi
modulus of 5.6 GPa listed in Table 4.2 for the graphite fiber is an
uncorrected (for pendulum weight) value obtained from a single test. It
is encouraging that this value is reasonably close to the value of 4.1
GPa reported for the inter-basal plane shear modulus of a dislocation-
free graphite crystal [76]. The similarity of these shear moduli is
evidence for a radial structure in P-75 graphite fibers.
The largest uncertainty in torsion modulus is for PE fibers,
due to their irregular and varying cross-sections. The profiles of
cross-sections of 4 test specimens (all 2 cm long) are shown in Figure
4.6b-e. The torsional rigidities of these specimens were calculated
assuming that the cross-sectional profiles could be approximated by an
ellipse, rectangle or triangle, whichever most closely fit the particu-
lar cross-section. It should be noted that all 4 specimens were cut
from a single filament approximately 12 cm long and examination of
Figure 4.6b-e clearly shows the variation of the PE fiber cross-section
along the length of this single filament.
Although the coeffirifin+ «^ • ^.ficie t of variation of the PE fiber torsion
modulus is large, the mean value of 0 7 PP. -ic •ci'u r U. G a is in good agreement with
the torsion modulus of 0 fi RPa m«..^ ^ ^0.6 GPa measured for hot-drawn PE ronofllaments
[77]. The PE torsion modulus reported 1n Table 4.2 has not been cor-
rected for the weight of the disc pendulum because the constant a
(4.5) that defines the relationship between apparent torsion modulus
and axial stress could not be determined with sufficient accuracy due to
the irregular fiber cross-section. There was a measurable linear in-
crease in torsional rigidity of PE fiber with applied axial tensile
stress, but the weight of even the large disc pendul« should result in
only minimal fiber tensile stress and therefore a negligible apparent
increase in the measured torsion modulus of the relatively thick PE
fibers.
The calculated average cross-sectional area of the sections
depicted in Figure 4.6b-e is 1.4 x 10V. The coefficient of variation
of this value is 10%. which is equivalent to the variation in area along
the lengths of the other fibers. However, this cross-sectional area is
approximately 25% greater than the value calculated from manufacturer's
data. This discrepancy is presumably due to a relatively large inter-
filament variation in cross-sectional area.
The relatively large uncertainties in compressive strengths that
were calculated from the product of tensile modulus and critical com-
pressive strains arise from the combined errors in these latter two
quantities. However, the range of coefficient of variation for compres-
sive strengths is similar to the range of uncertainty for tensile
strengths. It is clear from Table 4 2 that thpui ^.c ma e average compressive
strength varies widely among the fibers.
The 0.50% critical compressive strain measured for PPTA using the
cantilever beam technique is slightly lower than the 0.53% strain meas-
ured using the three-point beam technique described in Chapter 2. This
discrepancy can be attributed to the fact that critical compressive
strains are measured in situ Ci . e. , while under compression) using the
cantilever beam bending technique, whereas with the three-point bending
technique the fiber is viewed after compression. For this reason, the
PPTA axial compressive strength of 0.62 GPa calculated from cantilever
beam measurements is a better estimate of the true strength of the
fiber. However, this value is still larger than that of 0.45 GPa calcu-
lated using composite data [17].
In Chapter 2 it was shown that PPTA (Kevlar 49) fibers form heli-
cal kink bands under axial compression. SEM and optical micrographs of
kink bands in PBT, ABPBO, NTP and PE fibers are shown in Figures 4.7-
4.10. Except for the PE fiber, no kink bands were observed in fibers
prior to compression via beam bending or matrix shrinkage. Few kink
bands were observed in as-received PE fibers, which, in light of the
relative thickness of the fiber and its low critical strain to kink band
formation, probably resulted from fiber bending due to handling.
Kink bands initiate in PBT fibers as thin bands oriented at
approximately 70° to the fiber axis. The arrow in Figure 4.7c points to
an incipient band. At higher levels of compressive strain, the bands
propagate across the fiber diameter and eventually form the thick,
Figure 4.7
PBT fiber. Before compression: (a) optical
micrograph; (b) SEM micrograph. After axial
compression: (c) optical micrograph; (d) SEM
micrograph
.
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Figure 4.8
ABPBO fiber. Before compression: (a) optical
micrograph; (b) SEM micrograph. After axial
compression: (c) optical micrograph; (d) SEM
micrograph.
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Figure 4.9
NTP fiber. Before compression: (a)
optical
micrograph; (b) SEM micrograph. After axial
compression: (c) optical micrograph; (d) SEM
micrograph
.

Figure 4.10
PE fiber. Before compression: (a) optical
micrograph; (b) SEM micrograph. After compression
(c) optical micrograph; (d) SEM micrograph.
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bulging perpendicular defonnation bands seen in Figures 4.7c,d. These
large bands form periodically along the fiber length.
The kink bands in compressed ABPBO fibers shown in Figure 8c,
d
bear some resemblance to the helical kink bands observed in PPTA fibers
(see Figures 2.4 and 2.5). Like the PPTA kink bands, the kink bands in
ABPBO are oriented at angles ranging from 50°-60° to the fiber axis.
Although the ABPBO compressive kink bands appear to be helical, there is
no propagation of any one helical kink band for any appreciable distance
along the fiber length.
In optical micrographs of compressed NTP fibers (Figure 4.9c),
black deformation bands of various thicknesses are observed to be ori-
ented at approximately 55° to the fiber axis. Where only one band
crosses the fiber diameter, the deformation closely resembles that of an
ideal kink band (Figure 3.1). Where two such bands criss-cross the
fiber diameter, the fiber exhibits bulging that is similar to the dila-
tation in deformation bands in PBT fibers. The surface of compressed
NTP fibers exhibits kink bands oriented at several angles to the fiber
axis (Figure 4.9d). There is no obvious regularity to the spacing of
these bands along the length of NTP fibers.
Compressed PE fibers exhibit both obliquely oriented kink bands
and bands that are oriented at 90° to the fiber axis (Figures 4.10c,d).
In many regions of compressed PE fibers, deformation bands formed at
regular intervals along the fiber length.
A comparison of measured compressive strengths with predicted
critical stresses for elastic instabilities (equations (4.1) and (4.2))
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for all fibers is shown in Table 4.3. The shear mode buckling stress
a'^ is simply equal to a shear modulus, and it is assumed that the tor-
sion modulus is equal to the longitudinal shear modulus of the "founda-
tion" that supports the chains and/or microfibrils against buckling.
The calculation of the extension mode buckling stress is made
cr
using values of transverse moduli E^, bond bending and torsion force
constants k, covalent bond lengths £ and cross-sectional areas of chains
A. The values of have been reported for Kevlar 49 [78] and oriented
PE [77]. An estimate of 0.5 GPa for the transverse moduli of PBT, ABPBO
and NTP fibers was made based on the similarity of these rigid rod
polymers to PPTA. Covalent bond lengths were assumed to be 1 A for every
backbone bond in every chain. Bending force constants of valence angles
are surprisingly similar for many types of bonds, with values near
-18 -
1
0.5 X 10 J-rad" [67]. However, for PE it was assumed that bending
of the chain will occur almost exclusively by torsion away from the
trans conformation. A force constant for this torsion in n-paraffins
was measured to be 0.024 x 10'^^ J-rad"^ [79]. The cross-sectional
areas of PPTA [25], PBT [80], and PE [81] chains were calculated from
unit cell dimensions. An estimate of chain cross-sectional area equal
°2
to 20A was made for ABPBO and NTP fibers after considering the values
reported for the other fibers.
No cross-sectional area or bending rigidity k£ can be defined for
the graphite ribbons based on the microbuckl ing model. Therefore, there
is no calculation for the extension mode buckling strength of graphite
fibers presented here. The value of shear mode buckling stress for
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Table 4.3
Predicted and Measured Axial Compressive
Strengths of Fibers
^cr
" ^^^/A
= G
cr
Fiber A(A^) E^(GPa) a^^ (GPa) o^^ (GPa) . (GPa)
n p% n
PPTA 20 0.77 3.9 1.5 0.62 [0.45]
PBT 22 (0.5) 2.9 1.2 0.27 [0.31]
ABPBO (20) (0.5) (3) 0.62 0.21
NTP (20) (0.5) (3) 0.45 0.12
PE 18 0.7 0.9 0.7 0.09
Graph i te 4.1-5.6 1.3-2.0
= measured compressive strength. Values in brackets calculated
using composite data.
Values in parentheses are estimates.
no
graphite is assumed to fan between the basal plane shear modulus of
4.1 GPa for dislocation-free graphite single crystal [76] and the tor-
sion modulus of 5.6 GPa measured for P-75 fiber.
Inspection of Table 4.3 reveals that the shear mode buckling
stress is always lower than the extension mode buckling stress for every
fiber; therefore, the former is a better estimate of the axial compres-
sive strengths of these fibers. All shear mode predictions of compres-
sive strength are larger than measured values, but the ratio of pre-
dicted to measured strengths is nearly identical for all fibers except
PE.
The correlation between shear mode buckling stress estimates
(i.e., torsion moduli) and measured compressive strengths is extremely
good for all fibers except PE. A plot of measured strengths versus
torsion moduli for all fibers, with the exception of PE, is shown in
Figure 4.11. The points for PPTA, PBT, ABPBO and NTP fibers could be
fitted to a straight line with a correlation coefficient r=0.89. If the
compressive strengths of PPTA and PBT fibers calculated from composite
data are used for linear correlation, the goodness of fit improves to a
value r=0.98. The equation that describes this correlation is:
= 0.36 (4.6)
It is also evident from Figure 4.11 that the relationship between
shear modulus and axial compressive strengths of graphite fibers can be
described by (4.6).
Figure 4.11
Correlation between measured axial compressive
strengths and torsion moduli for high performance
organic fibers.
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The shear
.ode buckling estimate given by the torsion modulus of
PE is
.uch higher than the measured compressive strength. The ratio of
measured to predicted strength is only 0.13 for this fiber.
4.4 Discussi on
The correlation between axial compressive strengths and torsion
moduli measured for the rigid-rod polymer and graphite fibers supports
the concept of compressive failure due to elastic microbuckl ing insta-
bilities for these materials.
In Chapter 2 it was shown that deformation due to shear mode (co-
operative) buckling closely resembles the defonnation observed in the
nucleation region of a kink band [56,57,65]. Therefore, it is both
reasonable and satisfying to find the shear mode buckling stress the
most appropriate estimate of axial compressive strength. The compres-
sive stress required to initiate shear mode buckling instability in
unidirectional glass fiber-reinforced composites is also the best esti-
mate of compressive strength for these materials [42,69,70].
A linear correlation analysis of compressive strength-torsion
modulus data revealed a remarkably good fit for all fibers except PE.
Indeed, considering the simplicity of the instability analysis, which
does not account for fiber morphology, individual molecular chain archi-
tecture, structural defects and inhomogenei ties , it is encouraging that
predictions are within an order of magnitude of measured compressive
strengths. Theoretical predictions of material strengths are typically
two orders of magnitude larger than measured values [82].
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The Shear node buckling stress was assumed to be equal to the
longitudinal shear modulus measured from fiber torsion. For the rigid-
rod polymer and graphite fibers this estimate was too large by approxi-
mately a factor of 3. Possible explanations for this disparity are
considered below.
The single link-hinge chain model was constructed after assuming
many simplifications in the specific architecture of the chain. Parti-
cular values of bending force constants, bond lengths and bond orienta-
tions were ignored. Fortunately, the analysis of a collection of inter-
acting chains showed that the shear mode buckling stress is almost
exclusively a function of the shear modulus of the foundation and that
the resistance to buckling due to the bending rigidity of the chains can
be neglected when the chains are long. As mentioned in Chapter 3, if
another level of structural scale was considered— for instance, long
microfibrils
— the buckling stress for a collection of these fibrils
would also be proportional to a shear modulus. In this particular case,
if the fibrils were assumed to be rigid, then the shear mode buckling
stress would be proportional to the shear modulus of the material be-
tween fibrils.
The lateral bonding between chains or microfibrils was modelled
with a continuous foundation that has a shear modulus equal to the tor-
sion modulus of a fiber. If there is anisotropy within the fiber cross-
section, then there may be two longitudinal shear moduli. For such
fibers, buckling will occur via shear deformation between planes of the
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lowest longitudinal shear modulus. Therefore, the estimate of axial
compressive strength Is the minimum longitudinal shear modulus of a
fiber.
Kevlar and radial graphite fibers are cylindrically orthotropic
materials and hence exhibit two longitudinal shear moduli: G and
rz
Gg^. Torsion tests of fibers measure G^^, which is the modulus of
shearing between hydrogen-bonded sheets in Kevlar fibers and between
basal planes in radial graphite fibers and is therefore the lower
longitudinal shear modulus for these fibers. The torsion modulus of
"onionskin" graphite fibers is due to shear deformations within basal
planes and is larger than G^^. It is therefore not surprising that
reported torsion moduli of some graphite fibers [83,84] are greater than
the value of 4.1 GPa determined for shear between dislocation-free
graphite basal planes [76]. It must be emphasized that for fibers which
exhibit anisotropy such that Gq^>G^^, the torsion modulus is the wrong
estimate for the shear mode buckling stress of these materials.
It was shown in Chapter 3 that kink bands are formed under axial
compression by nucleation in one local region followed by propagation at
nearly constant compressive stress. Examination of the nucleation pro-
cess by other workers revealed th'at S-shaped incipient buckling of
planes of easy shear slip occurred prior to material collapse into an
angular kink band [56,57,65]. The theoretical compressive strength was
defined in Chapter 3 as the critical compressive stress required to
initiate elastic instabilities that are believed to be the cause of this
local buckling. Therefore, structural inhomogenei ty may lead to
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initiation of local instabilities at compressive loads less than the
value predicted for shear mode buckling of a homogeneous material.
The presence of voids in fibers can be crudely incorporated into
the instability analysis by eliminating the elastic foundation from one
side of the chains or microfibrils that line the void surface. Addi-
tionally, the material at the fiber surface is supported on only one
side. These chains and microfibrils should reach critical buckling
loads at a compressive stress equal to half the minimum longitudinal
shear modulus.
Residual stresses have been shown to exist in graphite [85] and
PBT fibers [19]. Indeed, the stresses generated during drying of PBT
fibers are believed to be the cause of compressive buckling observed in
the dried fibers [19]. Regions of a fiber that are under residual com-
pression will reach critical buckling stresses first. Therefore, prema-
ture nucleation of kink bands can occur in such regions.
Although it is reasonable to assume that residual stresses exist
in all the fibers examined in this study, it is believed that these
stresses have minimal effect on the reduction in axial compressive
strength. Significant residual stress would be revealed by the linear
correlation analysis of compressive strength versus torsion modulus as a
relatively large intercept. The data plotted in Figure 4.8 were fitted
to a straight line which passed close to the origin, and therefore indi-
cate only a small effect of residual stress on compressive strength.
The only other way that large residual stresses could exist and affect
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the compressive strengths of fibers that obeyed the relationship a^=0.3G
would be if the magnitude of residual stress in each fiber was directly
proportional to the torsion modulus. This proportionality is highly
unlikely for five different fibers. However, the presence of even small
residual axial compressive stresses near the surface of these fibers
could explain the initiation of kink bands at the fiber surface.
Small misalignment or curvature of chains and microfibrils should
not affect the compressive stress that initiates elastic instabilities.
However, under axial compression, these misaligned regions would be sub-
jected to shear stresses that could possibly exceed the shear. strength
between chains or microfibrils. Argon has proposed that axial compres-
sive strengths of composites are limited by local shear failure along
such planes of misalignment [62]. He believes that shear failure ini-
tiates material collapse into kink band formation. The equation derived
by Argon to predict fiber- rein forced composite compressive strength for
failure by this mechanism is:
^c=r (4.7)
where is the interlaminar shear strength and cj) is the angle of mis-
alignment measured with respect to the load axis.
Any high performance fiber will exhibit a distribution of molecu-
lar orientation, and shear failure should occur in the most poorly
aligned regions. Although it is difficult to measure the largest mis-
alignment angle for any fiber it is reasonable to assume, based on
Argon's proposal of shear failure initiation of kink banding, that
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fibers with higher average orientation should have higher compressive
strengths. However, the compressive strength of PBT [19,75] and Kevlar
[17] fibers is relatively insensitive to improvements in average axial
orientation by tension heat-treataent. Therefore, it is unlikely that
shear failure initiates compressive kink band formation' in high perfor-
mance fibers.
The gel -spun PE fiber does not obey the relationship between coin-
pressive strength and torsion modulus obtained for the rigid rod polymer
fibers. The analysis of elastic instabilities in high performance
fibers was made for fully extended linear polymers. Insomuch as chain
entanglements are necessary for the attainment of high degrees of PE
chain extension using the gel-spinning process, the existence of such
entanglements in PE fibers may severely limit their compressive
strength.
As mentioned above for the rigid rod polymers, it is necessary to
measure the minimum longitudinal shear modulus to predict compressive
strength. If the PE fibers are anisotropic within their cross-section
or if they contain amorphous regions that exhibit low shear moduli, then
it is conceivable that the torsion modulus is not the best estimate of
compressive strength.
Although it might be argued that a compressive buckling analysis
should not apply to flexible polymer chains, it is emphasized that the
analysis showed that the critical compressive stress for shear mode
buckling is only a function of intermolecular (or interfibrillar) inter-
actions when the chains (or fibrils) are long. Therefore, the buckling
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stress for a collection of laterally interacting and infinitely flexible
extended chains is also equal to the minimum longitudinal shear modulus
of such a collection.
4.5 Conclusions;
The axial compressive strength of high performance rigid-rod poly-
mer fibers and certain graphite fibers is limited by the onset of elas-
tic microbuckling instabilities and not by material failure. The best
estimate of compressive strength is given by:
a = G .
c mm
where G^.^ is the minimum longitudinal shear modulus of a fiber.
A linear correlation analysis of measured compression strengths
and torsion moduli for five different fibers yielded an excellent fit of
data to a straight line given by a =0.3G. Several reasons for this
theoretical overestimate of compressive strength were discussed in
relation to anisotropy and local irregularities that might act as nucle-
ation regions for kink band formation.
The stages of axial compressive failure due to kink band formation
can be summarized as follows:
1. At a critical axial compressive stress equal to the minimum longitu-
dinal shear modulus, there is initiation of local elastic instabil-
ity.
2. Large elastic buckling deformations occur at this critical stress,
which subsequently result in shear failure between the planes of
easy shear slip (i.e., between chains or microfibrils).
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3. Shear failure eliminates the elastic foundation from one side of
neighboring chains or fibrils, causing them to undergo similar
buckling instability at the same critical compressive stress. As a
result the instability propagates through the fiber.
4. Buckled material collapses to the observed angular kink band due to
severe bending at the kink band boundaries.
The apparent contradiction in this proposed failure mechanism is
that the predicted compressive strength is obtained from elastic insta-
bility analysis, which is not a failure analysis. Thus the compressive
strength is equal to a longitudinal shear modulus and not a shear
strength. In the perfectly oriented fiber there is no shear deformation
due to axial compression until the critical stress for elastic insta-
bility is reached. The large deformations that result from the insta-
bility subsequently lead to true material failure in shear.
CHAPTER V
COUPLING OF AXIAL NORMAL STRAINS WITH LONGITUDINAL SHEAR
STRAINS IN HIGH PERFORMANCE POLYMER FIBERS
5.1 Background
5.1.1 Finite Strain Tensor for Simplp
Shear in Two Dimensions^ —
In this chapter, the coupling of axial normal strains z^^ with
torsion shear strains y^^ in anisotropic high performance polymer fibers
is investigated. Torsion of cylindrical fibers sets up a linear distri-
bution of simple shear strains y^Q that range from zero at the fiber
axis to a maximum on the fiber surface. Simple shear deformation in the
Z0 plane is illustrated in Figure 5.1 as the distortion of an initially
rectangular material element abed into the parallelogram described by
points abc'd'. The displacement field for this shear deformation is
given by:
(5.1)
u^ = 0
where u^. are the displacements along each of the cylindrical coordinate
axes
.
The Lagrangian finite strain tensor is defined as:
, 8u. 8u. 9u^ 9u„
_
I r J , 1 , m mn Ir n\
where i ,j=0,z.
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Figure 5.1. Simple shear deformation with and without volume
loss
.
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The engineering shear strain y^^ is defined with respect to this
Strain tensor as:
^ ^'^0
(5.3)
which, after substitution of the displacements (5.1) into (5.2), yields:
^Z0 - 8z = k (5.4)
It is verified from inspection of Figure 5.1 that k=tana, which
for small displacements can be approximated by k^a. Therefore, the
shear strain due to small displacements (5.1) becomes:
^ (5.5)
Substitution of displacements (5.1) into (5.2) also reveals that
this deformation results in a normal tensile strain along the z-direction
of magnitude:
^zz 2 ^ (.5.6)
which for small a can be approximated by:
1 2
^zz^r^' (5.7)
This axial strain represents the elongation of line ac to a length
ac', which maintains constant height of the element during simple shear.
It is verified from the areas of rectangle abed and parallelogram abc'd'
shown in Figure 5.1 that this axial elongation is necessary to keep
volume constant during simple shear deformation.
The axial strain is a second-order effect that is neglected
when the shear strain (and therefore a) is small. For isotropic mater-
ials this approximation is reasonable because only a relatively small
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axial stress (i.e.. relative to shear stress x^^) is required to produce
this elongation.
However, if a material is anisotropic and possesses a relatively
high axial modulus E^^ and low longitudinal shear modulus G^^, the axial
stress
a^2=^zz^zz "^^quired to maintain constant volume during simple
shear deformation may be comparable to the shear stress t^^. Therefore,
when such materials are deformed in simple shear in the absence of axial
stress a^^ there should be axial contraction. In other words, there
should be a reduction in the height of the material element.
In. the extreme case of no elongation of the element ac during
shear, the deformed material element will appear as the parallelogram
abc"d" shown in Figure 5.1. This parallelogram is formed by simple
rotation of parallel lines ac and bd through an angle a as shown; thus
the lengths ac and bd are equal to ac" and bd". However, this distor-
tion of the rectangular element results in a volume loss, which is
revealed as the reduction in area of rectangle abed after it is deformed
into parallelogram abc"d". Therefore, there are two competing effects
involved in simple shear deformation. The reduction in height of the
material element in the absence of axial stress a^^ during simple shear
is resisted by the negative volume change that must accompany this
reduction in height.
If the volume changes are not neglected, the reduction in height
of the element abed after shearing is:
^^max
^
-[ac-ac(cosa)] (5.8)
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which, for small angles a, can be approximated by:
2
max ^ (5.9)
This is the maximum reduction in height of the rectangular element be-
cause it is assumed that elements ac and bd rotate without elongation
during shear deformation.
If the material does indeed resist volume changes, it is reason-
able to expect that the reduction in height of element abed with shear
will be less than that given by (5.9). This effect may be accounted for
by defining a constant a that can take on values 0<a<l and represents
the fraction of the maximum height reduction that occurs during shear.
Therefore, the reduction may be given by:
which, for small strains, is approximately:
2
A£ . -(a)ac(^) (5^n)
The value a is independent of a, and is unity when no elongation
of elements ac and bd occurs during shear (i.e., when there is no resis-
tance to volume changes) and is zero when there is no height reduction
(i.e., when there is no volume change) during shear. Shear deformations
that yield a value of 0<a<) involve both volume reduction and axial
strain e^^.
5.1.2 Torsion of a Solid Cylindrical Rod
Torsion of a solid circular cylinder about its axis imposes simple
shear strain y^q defined by:
I (5.12)
where
^
is the angle of twist, r is the radial distance from the cylin-
der axis and i is the length of the cylinder. Therefore, there is a
linear distribution of shear strain ranging from y=0 at the cylinder
axis to a maximum y^=^R/£ at the surface of a cylinder of radius R.
(For the remainder of this chapter the symbol y will refer to z0 shear
strain unless otherwise noted.)
In the previous section, second-order effects that give rise to
axial contraction during simple shear in two dimensions were discussed.
The consequences of this axial contraction on torsion of a solid cylin-
der may be predicted by considering the cylinder to be composed of many
thin concentric hollow cylinders of radii r. Torsion of these con-
centric cylinders through an angle ip results in shear strains which vary
among the cylinders as given by (5.12).
If each hypothetical concentric cylinder were not "bonded" to its
neighbors, each would shorten, with torsion, by an amount given by
(5.11). Therefore, there would be a parabolic distribution of length
reduction for the solid cylinder, which may be calculated from:
AJl(r) = - ^ (5.13)
where is the initial length of the solid cylinder and therefore of
every concentric cylinder before twisting. However, if transverse
planes (r0 planes) are to remain plane and parallel during torsion, then
the change in length of each concentric cylinder is forced to be
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identical. This restriction 1s especially true for long cylinders and
It requires that axial normal stresses develop in a t«1sted solid cylin-
der to maintain each hypothetical concentric cylinder at the same
length.
If there is no external axial load acting on the cylinder during
twisting, then the net axial stress must be zero on transverse planes.
Using this boundary condition, Timoshenko detennined the equation for
the axial normal stress distribution in a twisted isotropic solid cylin-
der [86]. With the assumption that shear strain y results in maximum
axial length reduction (i.e., neglecting resistance to volume change so
that a=l in (5.13)), he obtained, in the present notation, the equation:
where E is Young's Modulus.
Examination of (5.14) shows that there are tensile stresses in the
outer region of the cylinder where r>R//2 and compressive stresses in
the central region of the cylinder where r<R/^. This stress distribu-
tion is a consequence of the larger amount of axial contraction that the
outer cylinder region would undergo with shear deformation but is pre-
vented from doing by the inner region.
Timoshenko also calculated the axial contraction with twist of a
solid cylinder to be:
"
~4l~ • (5.15)
0
Comparison of (5.15) with (5.13), assuming a=l , reveals that the
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predicted axial contraction of a solid cylinder due to torsion is half
that of a thin-walled hollow cylinder of the same radius R.
The analysis by Timoshenko may be improved upon by accounting for
the resistance to volume change during simple shear deformation, which
was discussed in the previous section. Assuming each hypothetical
cylinder shortens by an amount given by (5.13), equations (5.14) and
C5.15) that describe the axial normal stress distribution and axial con-
traction respectively due to torsion will be modified by simply multi-
plying each by the constant a.
Timoshenko considered the effect of torsion on length changes of
isotropic cylinders and therefore predicted such materials should
shorten with twist. Experimentally it has been shown that solid circu-
lar cylinders of metal [87,88] and rubber [89] actually elongate with
twist. This phenomenon can be explained by rigorous nonlinear elasti-
city theory [90]. One reason for the failure of Timoshenko 's two-
dimensional analysis to predict the elongation of isotropic cylinders
with twisting is that it does not consider volume changes.
In comparison, twisting anisotropic cylinders that have a rela-
tively high axial modulus and low longitudinal shear modulus, such as
textile fibers, results in axial contraction [91]. The application of
nonlinear elasticity theory to such anisotropic materials requires
determination of several material constants that are very difficult to
measure [90]. Therefore, it is often impossible to predict not only the
magnitude but also the direction (elongation or contraction) of axial
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length changes of a solid cylinder with twist using nonlinear elasticity
analysis.
In light of the relatively large axial stresses required to pre-
vent axial contraction due to twisting of materials exhibiting the par-
ticular anisotropy common to textile fibers, it is reasonable to consi-
der Timoshenko's analysis, as modified here, to explain the observed
axial contraction. The empirical constant a was introduced in the pre-
vious section to account for axial contraction that is less than the
maximum predicted by a two-dimensional analysis. The contraction of a
solid cylinder with twisting may also be characterized by a constant a.
that is a multiplicative factor for equations (5.14) and (5.15). This
constant is not defined in terms of material constants (stiffness coef-
ficients) and must be determined experimentally. If values of a<l are
obtained from torsion-axial contraction measurements, they may be ex-
plained in terms of the resistance of the material to volume changes due
to length and radius changes during twist. Therefore, the constant a
determined from twisting a solid cylinder might be different from the
value obtained from twisting a hollow cylinder of the same material.
5.1.3 Prediction of Coupling of Axial Normal
Stress with Longitudinal Shear Modulus
An interesting consequence of the axial contraction that occurs
with torsion of certain anisotropic cylinders as discussed in the pre-
vious sections is the effect of a constant axial tensile stress on the
shear stiffness of these materials. The two-dimensional analysis of
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this effect was first published by Foye [92] and will be reproduced here
with some alteration.
Consider a rectangular material element that is subjected to a
constant axial stress as shown in Figure 5.2a. If this element is
now deformed in simple shear by a stress t^^, it will contract axially.
Because the stress is held constant during shear, it does not elon-
gate the element in the axial direction as the element is distorted.
Therefore, the element contracts axially by an amount calculated from
(5.11) irrespective of the value of a^. It is only necessary to consi-
der that the initial height (length ac in (5.11)) of the element in-
creases with increasing a^.
Because the element contracts with shear, there is work done b^
the material in displacing the stress through a distance AJl as shown
in Figure 5.2b. If the material element depicted in Figure 5.2a is a
square of unit dimensions, then the total work per volume of deforming
this element is:
W = ^ - a^ad -cosa) (5.16)
where the first term on the right-hand side of (5.16) is the work done
on the element by the applied shear stress and the second term is the
work done by the element due to the axial contraction against the line
of action of the constant stress a^. (The subscripts z0 for shear
stresses and strains and zz for axial normal stresses are to be under-
stood.) The initial work to deform the material when the stress a is
0
applied is neglected because the initial state is taken as the deformed
element after application of a^.
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For small shear strains. y.a and 1-cosa . ^^IZ. Therefore (5.16)
becomes
:
(5.17)
This work due to external loads must be equal to the strain energy
of the deformed element for conservative systems. The material is de-
fonned from the initial state shown in Figure 5.2a by shear to the final
state shown in Figure 5.2b. Therefore, the strain energy of this defor-
mation is:
^ 2 (5.18)
Equating (5.18) and (5.17) and rearranging yields:
7^^""% (5.19)
The ratio of shear stress to strain on the left side of this equa-
tion is defined as an apparent shear modulus G*. This modulus is a
measure of resistance of the element under stress to shear deforma-
tion. Substitution of G* into (5.19) yields:
G* = G + aa^ (5.20)
which shows that the apparent shear modulus increases linearly with a
.
0
Foye neglected both the effects of volume changes which are necessary to
give axial contraction with simple shear and the effects of the resis-
tance of the material to such volume changes. Therefore, he obtained a
similar relationship between apparent shear modulus and axial stress,
except that a=l (maximum axial contraction with shear) in his result.
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The effect predicted by (5.20) is not an increase in the true
shear modulus of a material; rather, it is the apparent increase in
resistance to the particular shear deformation shown in Figure 5.2 due
to the additional work required to effect axial contraction against
axial stress during shear.
The extension of Foye's two-dimensional analysis to the problem of
torsion of a solid cylinder under applied constant axial tensile stress
can be made using a similar strain energy analysis. The initial state
of the cylinder is defined as the cylinder under applied axial stress
Qq. Therefore, the analysis for coupling between torsion modulus and a
0
need only consider the work and energy changes that are due to twisting.
The energy balance for static equilibrium of a cylinder that is
twisted while subjected to a constant axial tensile stress is:
Wi>W2 = U^ + U2 (5.21)
where: W, = work due to torque required to twist cylinder through an
angle i|;
W2 = work done by cylinder as it contracts axially against the
applied tensile stress
= shear strain energy due to torsion
Up = axial normal strain energy due to internal strain distri-
bution
The work is the area under the torque- twist angle curve, which
for linear-elastic deformation is:
Ml/;
=
-j- (5.22)
where is the applied torque. Equation (5.22) can be written in terms
of an apparent shear modulus G* that describes the resistance of the
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cylinder to twisting. For a circular cylinder of length and radius R
(5.22) may be written as [93]:
0
The work W2 is the product of the applied axial tensile force P
0
and the axial contraction due to twisting A£:
^2 = (5.24)
In terms of the applied axial stress o^=P^/irR^ and the axial con-
traction given by (5.15), (5.24) may be written as:
4 7
^2
= U • (5.25)
0
where the constant a has been inserted in (5.15) for reasons discussed
earl ier.
The shear strain energy associated with torsion of a cylinder of
shear modulus G is [93]
:
Ui =-jr^ (5.26)
0
For anisotropic cylinders, it is assumed that G=G^q.
There is additional strain energy U2 due to the internal axial
stresses which arise with tv/i sting. This stress distribution for the
case where a=l was obtained by Timoshenko and is given by (5.14). The
strain energy of the stress distribution may be calculated from:
rR
7T£,
Uo =
2 E
a^dr (5.27)
0
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Multiplication of (5.14) by the empirical constant a and substitu-
tion of the result in (5.27) yields, after integration:
^ 961^ (5.28)
0
Collecting all the energy tenns (5.23), (5.25), (5.26) and (5.28) and
substituting them into (5.21) gives:
% % '"^^"m^ (5.29)
Solving this equation for G* yields:
0
Recalling that the maximum shear strain due to torsion of a circular
cylinder is equal to y (5.30) can be written as:
Ea2 2G* = G + aa^ + f^Y, (5.31)
Although anisotropic polymer fibers exhibit tensile moduli E that may be
two orders of magnitude greater than their longitudinal shear moduli G,
the effect of axial tensile stress on apparent torsion modulus of these
materials at small torsion strains can be approximated by:
G* - 6 + ao^ (5.32)
Comparison of (5.32) with (5.20) reveals that the effect of axial
tensile stress on apparent shear modulus predicted by Foye using a two-
dimensional analysis is identical to the effect of axial tensile stress
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on the apparent torsion modulus of a solid cylinder obtained above. In
both cases the dependence of G* on has been modified by the empirical
constant a. that was introduced to account for axial contraction that is
less than the maximum predicted value.
Note that both (5.20) and (5.32) only apply to small, elastic
shear strain behavior. Furthermore, it is emphasized that the true
shear modulus G does not change to give the effect predicted by (5.20)
and (5.32). The apparent change in shear modulus results from axial
contraction with shear against an applied constant tensile stress. This
effect is not expected for materials that do not contract axial ly with
shear.
5.2 Experimental
The coupling of axial normal strains with torsional shear strains
was investigated for five high performance polymer fibers and a glass
fiber. The polymer fibers include poly(p-phenylene terephthalamide)
(PPTA), poly(p-phenylene benzobisthiazole) (PBT), poly(2,5-benzoxazole)
(ABPBO), a nematic thermotropic polyester (NTP) fiber and a gel-spun
polyethylene (PE) fiber. A K-glass fiber was tested for comparison of
this isotropic material with the highly anisotropic polymer fibers. The
chemical structures, tensile and compressive properties and torsion
moduli of the polymer fibers are found in Chapter 4 of this disserta-
tion.
In the foregoing discussion of the relationship between torsion
shear strain y and axial normal strain e, an empirical constant a was
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defined as the fraction of maximum predicted axial contraction that
occurs with twisting to small shear strains. The equation relating
axial contraction A£ to angle of twist ^ for a solid cylinder is ob-
tained by multiplying (5.15) by a to give:
2 2
(5.33)
One method of determining the constant a would be to directly
measure the axial contraction of a fiber with twist. However, because
the contraction is a second-order effect, the magnitude of Ail is ex-
tremely small for small twist angles ^ and is difficult to measure with
precision.
Instead, it was decided to take advantage of the relatively large
axial moduli of the fibers to calculate the constant a from measurements
of the change in axial tension with twist of a fiber held at constant
length. Because the fiber is held at constant length in this experi-
ment, the axial contraction due to twisting is prevented by the genera-
tion of an axial stress which stretches the fiber to maintain the
constant length. Small stretching or axial strains generate relatively
large axial stresses in the stiff high performance fibers, which can be
measured with relatively good precision using a sensitive tensile load
cell
.
The relationship between axial contraction A£, twist angle il;
and tensile force P can be written as the total differential:
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Noting that M-i-z^^ where £ is the fiber length after twisting
through an angle
^, then the change in length with twist at constant
load can be obtained directly from differentiation of (5.33) to yield:
~ (5.35)
The first term on the right-hand side of (5.34) can be related to
the axial tensile modulus of a fiber at any twist angle For axial
deformation:
^ = (5.36)
where a=P/7TR^ E = axial tensile modulus and e=(£-il^)/£^ for small
strains. Substitution of these identities into (5.36) and rearrangement
to solve for i yields:
'-'o^^'^^ (5.37)
Differentiating with respect to the tensile force P gives:
(dZ.
_
^0
^W^^ - (5.38)
where it is noted that E is the axial modulus at a twist angle ^.
The last term in (5.34) is obtained from measurements of axial
tensile force generated by twisting a fiber at constant length. For
small angles of twist (i.e., small shear strains y) the tensile force-
twist angle relationship is of the form:
P = mij;^ + (5.39)
where m is a constant and P is the initial tensile load in the fiber at
0
ij^O. This parabolic relationship between tensile load and twist angle
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is a direct consequence of the dependence of axial contraction on the
square of twist angle given by (5.33).
Differentiation of (5.39) with respect to
^ yields:
- (5.40)
Substitution of (5.35), (5.38) and (5.40) into the total differen-
tial (5.34) yields, after rearranging to solve for a:
a =
°
4r (5.41)
The relationship (5.39) and values of E at various angles of twist
^
are easily obtained by twisting a fiber that is held clamped in a ten-
sile test machine at constant length. Approximately 20 cm long lengths
of fiber were clamped in an Instron Universal Testing Machine equipped
with a load cell capable of measuring lOg force full-scale. A paper tab
was glued to the center of the fiber with epoxy. The fiber was then
stretched by displacement of the Instron crosshead to put a small ini-
tial tension in the fiber.
A clamped fiber thus mounted was twisted at constant length by
rotating the centrally bonded tab. This test configuration consists of
twisting two fibers of equal length connected in series. Because the
fibers are in series, the tensile force in each is identical. The
measurements of force versus twist angle must be made at constant
length. Therefore, it is crucial that the tab be glued to the exact
center of the length of fiber that is clamped in the Instron. Long
fiber lengths were used to minimize errors due to machine compliance.
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The change in tensile force with twisting and untwisting at con-
stant length was measured for each fiber. The maximum twist angle was
kept within the range of elastic torsion deformation that was determined
from separate experiments to be described subsequently. Linear regres-
sion analysis of P versus was performed to determine the constant m
defined by (5.39).
The measurement of tensile modulus of fibers held twisted at sev-
eral angles
^ throughout the range of elastic torsion deformation demon-
strated that there was no significant change in the tensile modulus due
to twisting for any of the fibers. Therefore, the value of E used to
calculate the constant a from (5.41) is a constant for each fiber, inde-
pendent of the twists ijj applied in these tests.
The range of elastic torsion deformation for each polymer fiber
was determined from the onset of irreversible deformation with twisting.
For these tests a 2 cm length of fiber was clamped at one end and
bonded to a paper tab at the other. The end bonded to the tab was
allowed to hang freely and attain a rest position. This free end was
twisted a known amount, then allowed to untwist while the amount of this
recoverable twist was measured. After a single test, a sample was
discarded and a new one used for each subsequent test. The amount of
applied twist was increased until the measured recoverable twist was
noticeably less than the applied.
Plots of recoverable versus applied twist were made in terms of
recoverable versus applied fiber surface shear strain. The applied
surface shear strain corresponding to the onset of irrecoverable
141
deformation was dete™ined fro. these plots. Because the .axi.u. strain
in a twisted fiber occurs at the surface, the surface shear strain at
the onset of irrecoverable twist was defined as the critical shear
Strain y
.
'c
This technique has been used to measure a critical shear strain of
10% for Kevlar 49 (PPTA) fibers [19]. In this previous study, the cri-
tical shear strain was shown to correspond to the initiation of longitu-
dinal splitting of the fiber surface. In the present study, optical
microscopic observations of highly twisted polymer fibers revealed
internal fiber damage that closely resembled compressive kink band
formation (see Chapter 4). This phenomenon was investigated by twisting
fiber samples to various levels to determine the onset of this internal
deformation. The surface shear strain corresponding to the initiation
of these bands is defined as the critical shear strain to kink band
formation Y|^.
The deformation of fiber surfaces was examined using an ETEC Auto-
scan scanning electron microscope (SEM). The internal deformation of
twisted fibers was observed using a Zeiss polarizing optical microscope.
The effect of axial tensile stress on the torsion shear modulus of
fibers was measured using a modification of the torsion pendulum tech-
nique described in Chapter 4. The modification involves bonding one
length of fiber at its top end to a rigid clamp, threading the fiber
through a disc pendulum to which it is subsequently bonded, and bonding
the bottom end to a weight. A schematic of this test configuration is
shown in Figure 5.3. The small arrows in this figure indicate where the
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-fiber
-fiber
weight
disc
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motion
only
Figure 5.3. Schematic of apparatus used for
torsion modulus-axial tensile stress
measurements
.
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fiber is bonded. The weight that hangs from the bottom of the fiber is
free to move vertically, but is fixed against rotation.
The torsion shear modulus is calculated from measurements of the
period of oscillation of the centrally bonded disc pendulum. This test
configuration is the torsion of two fibers in series, from which the
shear modulus is calculated using:
77 ^J-n^f (5.42)
where = polar moment of inertia of the disc pendulum
T = period of oscillation
r = fiber radius
£-1,5,2 = lengths of fiber above and below pendulum
The advantage of this particular test is that the only variable is
the weight hung from the fiber— that is, the axial tensile stress in the
fiber. The disadvantage of this technique is that the length of fiber
below the disc pendulum is always under less tensile stress than the
length above the disc due to the pendulum weight. However, the test is
performed to determine the change in torsion modulus with applied
tensile stress, and this variation is identical for both lengths of
fiber.
The diameters of all fibers except PE were measured using a laser
diffraction technique [72]. The PE fibers have irregular cross-sections
3 2
and a value of 1.13x10 ym for cross-sectional area was calculated from
the 1 inear densi ty
.
144
5.3 Results
The tensile force-twist behavior at constant fiber length could be
adequately fitted to (5.39) for PPTA, PBT, ABPBO and NTP fibers. A
graph of tensile force P versus twist angle ^ for PPTA is shown in
Figure 5.4. The force data were also plotted against i to demonstrate
the parabolic relationship between P and ^\,.
The characteristics of PPTA fiber shown in Figure 5.4 were found
to be similar to those of PBT. ABPBO and NTP fibers. All fibers exhib-
ited the small hysteresis seen in this figure for PPTA upon untwisting.
Moreover, every fiber sample retained some permanent, irrecoverable
twist, which was detected by allowing the centrally bonded tab to
unwind freely.
A linear regression analysis of P versus ij;^ yielded the slopes m
and correlation coefficients r listed in Table 5.1. These slopes repre-
sent the average for the two values obtained from twisting and untwist-
ing. A value of the constant a was calculated for each fiber using
(5.41) and the data given in Table 5.1.
Twisting a glass fiber held at constant length resulted in a small
decrease in tensile force, indicating that this fiber elongates with
twist. The change in tensile force with twist was too small to enable a
slope m and therefore a constant a to be calculated with any accuracy
for glass.
The constant a ranged from 0.70-0.85 for the four polymer fibers.
These values are all less than unity, indicating that there is less con-
traction than the maximum predicted by Timoshenko (5.15).
f^igure 5.4
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Table 5.1 '
Linear Regression Data for Tensile Force
Versus Twist Angle Measurements and
Calculation of Constant a.
Fiber m(g/rad^xlO^) r
Fiber
1 /-V ir. /t 4- uaLength
(mm)
Fiber
Radius
(ym)
Tensile
Modulus
(GPa)
PPTA 1 .08 0. 9994 103.5 6.1 123 0.85
PBT 3.53 0. 9995 96.5 6.5 265 0.85
ABPBO 3.20 0. 9993 93.5 8.3 117 0.70
NTP 11 .4 0. 9986 94.0 12.0 77 0.80
K-Glass (-) 94.0 6.4 70 <0
P = mij; + P^; r = correlation coefficient
^Length above and below centrally bonded paper tab.
'^Calculated using equation (5.41). •
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Inspection of (5.41) confirms that the error in a is at least four
times the error in the radius. Measurements of fiber radii along
lengths comparable to those used for force-twist measurements were
accurate to approximately 5%. Therefore, the values of a listed in
Table 5.1 are precise to no less than 20%.
The elastic torsion deformation range as defined by the critical
shear strain was determined from plots of normalized recoverable
strain versus applied strain as shown in Figure 5.5 for ABPBO. Similar
behavior was observed for PPTA, PBT and NTP fibers. After twisting to
surface shear strains equal to or greater than y , the recovery
(untwisting) of NTP fibers became noticeably time-dependent. Therefore,
NTP fibers were allowed to untwist for a few minutes before taking a
measurement of recoverable shear strain. The values of y for the
c
polymer fibers are given in Table 5.2.
Values of critical surface shear strain to internal kink band for-
mation are also listed in Table 5.2. The range of values for rep-
resents the variation in shear strain required to initiate visible
kink bands in several samples of one type of fiber. Optical micrographs
of internal kink bands in PPTA, PBT, ABPBO and NTP fibers held twisted
to* strains greater than are shown in Figure 5.6. The obliquely ori-
ented bands occur at angles to the fiber axis which are identical to the
orientation angles of kink bands formed by axial compression of the same
fibers (see Chapter 4). In twisted fibers these bands are predominantly
confined to the center of the fiber, which suggests that internal axial
compressive failure occurs due to torsion.
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Table 5.2
Critical Shear Strains to Inelastic Torsion Deformation
and Internal Kink Band Formation
Fiber Y. (%)
c Yi (%)
m ^ ' (%)
PPTA 10 14-15 0.42-0.48 0.50
PBT 3-4 6-7 0.08-0.10 0.10
ABPBO 10 10-12 0.18-0.25 0.18
NIP 10 8-9 0.13-0.16 0.15
^Maximum axial compressive strain due to twist =
-aY^/4.
b
^
Critical axial compressive strains to kink band formation (Chapter 4)
Figure 5.6
Optical micrographs of fibers held twisted at
large torsion strains, (a) PPTA, T =40%.
(b) PBT, T =20%. (c) ABPBO, T =20%.'
(d) NTP.
y|!J=20%.
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Further proof that axial compressive failure occurs due to torsion
is obtained from the comparison of s^, the maximum internal compressive
strains occurring with torsion to surface strains y^, with e , the
critical compressive strains to kink band formation. The internal
compressive strains may be calculated using equation (5.14) for the
internal axial normal stress distribution after multiplication by the
constant a to give:
2 . .2
2£'
^ r- - -7 - 2"^ (5.43)
The maximum compressive strain occurs at the fiber axis (r=0).
Noting that
= Wi^^, the maximum compressive strain of the distribu-
tion given by (5.43) may be written in terms of as:
^m
=
"T" (5.44)
Values of compressive strain calculated using (5.44) and critical
axial compressive strains to kink band formation determined for each
fiber in Chapter 4 are given in the last two columns of Table 5.2.
Clearly, the internal compressive strains due to shearing to strains
are sufficient to initiate kink band formation in these fibers.
SEM observations of twisted fibers revealed longitudinal surface
scratches and splits as shown in Figure 5.7 for NTP fiber twisted to a
shear strain greater than y . However, similar surface markings were
observed on the surfaces of PBT, ABPBO and NTP fibers prior to twisting,
making assessment of damage to the fiber surface due to twisting diffi-
cult. PPTA fibers exhibit a relatively smooth surface, and therefore it
Figure 5.7
micrograph of NTP fiber held twisted
surface torsion strain y =20%.
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was easy to determine that surface splitting coincided with the onset of
irrecoverable torsion deformation [19]. However, in light of the simi-
larity of and Y^, especially for ABPBO and NTP fibers, it appears
that torsion failure, as defined by the onset of irrecoverable deforma-
tion, is due to either shear failure of the fiber surface or axial
compressive failure of the fiber core.
Although the exact torsion strains for irrecoverable torsion de-
formation and torsion-induced kink band formation could not be deter-
mined for the PE fibers due to their irregular cross-sections, kink
bands were observed in highly twisted PE fibers. These kink bands can
be observed in optical and scanning electron micrographs of twisted PE
fibers, as shown in Figure 5.8a,b. The kink bands are nearly perpendi-
cular to the fiber axis and occur with regular periodicity along this
axis
.
The samples of PE fiber shown in Figure 5.8a,b have a nearly rec-
tangular cross-section. Timoshenko has calculated the torsion-induced
axial normal stress (and strain) distribution for isotropic rectangular
prismatic bars, predicting that the maximum axial compressive stress
occurs in the center of the surface of the wide face of the bar [86].
Inspection of Figure 5.8b shows that the transverse kink bands are
confined to the central region of the surface of the wider face of the
fiber, thereby indicating that axial compressive failure occurred with
torsion.
All fibers exhibited excellent linear correlation between apparent
torsion modulus G* and applied axial tensile stress as predicted by
Figure 5.8
(a) Optical and (b) SEM micrographs of highly
twisted PE fiber. Fiber between cross polars,
parallel to analyzer, in (a).
158
159
(5.32). A plot of G* versus for PBT fiber is shown in Figure 5.9.
The values of G* measured for increasing and decreasing a were identi-
0
cal within experimental error.
Linear regression analysis yielded slopes ol and correlation coef-
ficients r given in Table 5.3. The true shear moduli, i.e., the inter-
cepts, were obtained from independent measurements performed in Chapter
4. Comparison of the constants a determined from the slope of G* versus
with those obtained from tensile force-twist measurements and given
in Table 5.1 shows that there is relatively good agreement of these
values for all fibers tested. Therefore, it appears that the increase
in torsion modulus with axial tensile stress is due solely to the axial
contraction that occurs with twist.
There was no measureable effect of tensile stress on the torsion
modulus of glass fiber. This result is in agreement with the relatively
small axial elongation observed during twisting of glass fibers. A
linear decrease in torsion modulus with increasing axial stress would be
expected based on the observed elongation with twisting of glass fibers.
However, the small elongation with twist and the relatively large shear
modulus of glass presumably render the effect of tensile stress on
apparent torsion too small to be detected.
The last column in Table 5.3 shows the maximum axial tensile
stress, as a percentage of the stress at break, that was applied to each
fiber for torsion modulus measurements. The linear increase in apparent
torsion modulus persisted up to tensile stresses that were approximately
50% of the break stress for all fibers.
2.5
0.51 \ I I
0 0.5 1.0 1.5
TENSILE STRESS (GPa)
Figure 5.9. Torsion modulus-axial tensile stress behavior of PBT
fiber.
Table 5.3
Linear Regression Data for Apparent Torsion Modulus
Versus Axial Tensile Stress Measurement
Fiber (GPa) ^
. %
,b
PPTA 1 .5 0.8 0.9996 54
PBT 1.2 0.8 0.9997 55
ABPBO 0.62 0.7 0.9999 63
NIP 0.45 0.7 0.9999 43
PE 0.7 0.9993 32^
K-Glass 20 0.0 69
G* = aa + G
0
^True torsion moduli, measurements discussed in Chapter 4.
'^Maximum applied tensile stress, as percentage of ultimate tensile
strength a^.
^Yield stress is approximately 15% of ultimate strength.
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The linear increase in torsion rigidity with axial tensile stress
was also observed for PE fibers. Unfortunately, the irregular cross-
section of these fibers made determination of torsion modulus and
therefore detennination of constant a difficult. Note that the linear
dependence of torsion rigidity on tensile stress was observed up to
stresses significantly higher than the yield stress of PE fiber.
5.4 Discussion and Conclusions
Indirect measurements of axial contraction with twist of high per-
formance polymer fibers showed that to 80% of the maximum predicted
contraction occurred for all fibers examined. Measurement of less-than-
maximum axial contraction may be due to resistance of the fibers to the
volume reduction concomitant with shear-induced contraction.
A glass fiber was observed to elongate with twist, although the
relative magnitude of this elongation was much less than polymer fiber
length contraction with twist. The behavior of the glass fiber is
similar to other isotropic materials such as metal and rubber. Elonga-
tion of glass fibers with torsion could possibly be analyzed using
nonlinear elasticity theory for isotropic materials.
Although the torsion-induced' axial contraction of the anisotropic
polymer fibers is a second-order effect, it results in unique behavior
for these materials.
Relatively large torsional strains result in relatively small
axial compressive strains in the core of polymer fibers. However, the
high axial moduli of these fibers translate the small axial compressive
strains into significant axial compressive stresses. Therefore, there
is a large amount of axial strain energy in these fibers at large tor-
sional strains. This axial strain energy is expected to cause a non-
linear increase in torsion modulus according to (5.31), which should be
noticeable at large torsion strains.
Moreover, the low compressive strength of the high performance
polymer fibers limits the range of elastic deformation in torsion. The
significant axial compressive stresses that are generated within these
fibers with torsion are sufficient to cause internal compressive fail-
ure. Therefore, torsion may result in failure of these anisotropic
fibers due to an effect which is only of second order. The observation
of axial splitting on the surface of some fibers after twisting to shear
strains similar to those which initiate internal compressive failure
suggests that either shear or compressive failure or both lead to the
onset of inelastic torsion deformation.
A predicted linear increase in torsion modulus at small shear
strains with applied constant axial tensile stress was observed for all
polymer fibers examined. This apparent increase in modulus could be
completely explained by the work required of the fiber to contract
against the tensile stress with torsion. Therefore, there appears to be
no change in the true shear modulus of the material due to axial
stresses
.
In his two-dimensional analysis of the relationship between appar-
ent shear modulus and axial stress, Foye considered the effect of
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compressive stress on shear modulus [92]. Compressive stresses do work
on a material that contracts with simple shear and should therefore
reduce the apparent shear modulus. This effect has been observed for
fiber-reinforced composite tubes [94]. Foye predicted failure of fiber
composites under compression due to onset of the instability that occurs
when sufficient compressive stress is applied to cause the apparent
shear modulus to vanish. This instability may be perceived as a total
loss of resistance to shear deformation, which subsequently leads to
collapse of the material in shear due to infinitesimal shear strains.
Consideration of the effect of axial compressive stress on the
apparent torsion modulus of high performance polymer fibers leads to the
conclusion that an instability (i.e., G*=0) occurs when a^=-G/a. This
prediction of compressive instability in these fibers is identical,
except for the constant a, to the theoretical estimate of axial compres-
sive strength obtained from the elastic microbuckl ing analysis presented
in Chapter 3. The constant a was approximately equal to 0.75 for all
polymer fibers tested. Therefore, the estimate of compressive strength
obtained by applying Foye's analysis is about 33% higher than predicted
by analysis of microbuckl ing instabilities.
However, the empirical constant a is very possibly a measure of
the resistance of fibers to the volume reduction that occurs during
twisting. In Chapter 3 it was shown that negative volume changes are
avoided with compressive failure due to kink band formation if the band
forms at oblique angles to the fiber axis. Therefore, because kink
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bands fo™ by si.ple shear without a volume decrease, the constant a n,ay
be assumed to equal unity and therefore the predicted compressive stress
required to initiate elastic shear instability, i.e., G*=0, is equal to
the longitudinal shear modulus.
CHAPTER VI
HELICAL COMPRESSIVE KINK BANDS IN CYLINDRICALLY
ORTHOTROPIC MATERIALS: WOOD AND PPTA FIBERS
6-1 Introduction
In studies of the axial compressive behavior of a high performance
oriented polymer, Kevlar^ 49 fiber, it was observed that under uniform
compression these fibers form helical kink bands with a pitch angle of
approximately 60% on the fiber surface (Chapter 2). This formation of
surprisingly regular helical kink bands in compressed Kevlar 49 fiber
invited attempts at exolanation based upon what is currently known about
the fiber morphology.
Structural studies of Kevlar 49 fiber show that it is a crystal-
line material of cyl indrical ly orthotropic symmetry [28-30]. (A cylin-
drically orthotropic material has three mutually perpendicular planes of
structural symmetry which are parallel to a system of orthogonal cylin-
drical coordinates.) A more common example of a cyl indrically ortho-
tropic material is wood. In this chapter, results of a study of the
axial compression of wood are presented with the intent of relating its
compressive failure morphology to that of Kevlar 49 fiber. Additional
results of observations of compressive kink band formation in Kevlar 49
fiber are also presented.
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6.2 Background
The structures of both Kevlar 49 fiber and wood in its natural
form are best described by a cylindrical coordinate system. The three
orthogonal axes of this system are shown in Figure 6.1. For both mater-
ials the z-axis is the direction of highest strength and modulus. In
wood science this axial direction is referred to as "parallel to grain"
because it describes the orientation of the wood fibers and tracheids
[95]. The axial direction of Kevlar 49 is the orientation axis of the
extended polymer chains [23,24].
Cylindrically orthotropic materials exhibit symmetry in the cross
section (re plane) such that the properties differ in the radial (r) and
tangential (e) directions. The transverse symmetry in wood results from
the yearly accumulation of rings. Additionally, radially oriented tubu-
lar cells (wood rays) enhance the strength and stiffness of wood in the
radial direction relative to the tangential direction [95]. This mor-
phology gives most woods a measured mechanical anisotropy that can be
ranked as:
^
^
"z °r " "e
where E^. = tensile or compressive moduli and a- = tensile or compressive
strengths. Moreover, the axial compressive strength of wood is usually
less than half of the corresponding tensile strength.
Structural studies of Kevlar 49 fiber show that it also has trans-
verse symmetry [28-30]. This symmetry is due to the average alignment
tangential
planes (faces)
I
z: axial direction
r: radial direction
9: tangential direction
Figure 6.1. Directions and planes of a cylindrical
coordinate system.
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of two lateral crystal lographic axes along radial and tangential direc-
tions. In particular, one axis of the monoclinic unit cell is parallel
to the direction of strong hydrogen bonding between poller chains; this
axis is oriented predominantly along the radial direction of the fiber.
The other lateral axis of the unit cell is a direction of weaker secon-
dary bonds between chains and is oriented along the tangential direction
of the fiber. This arrangement of polymer chains in the fiber cross-
section probably gives Kevlar 49 fiber a mechanical anisotropy that is
qualitatively identical to the properties of wood. Kevlar 49 fiber
further resembles wood in that its axial compressive strength is much
lower than its axial tensile strength (Chapter 2).
To understand the mechanical behavior of both wood and Kevlar 49
fiber, it is helpful to model both materials as cylinders formed by a
collection of hypothetical radial sheets. A "sheet" is the plane fomied
by the two mechanically strongest directions, i.e., the z- and r-axes.
The relatively poor adhesion between these sheets corresponds to the
strength and stiffness of each material in the tangential direction.
The radial sheet model for Kevlar 49 fiber was originally proposed by
Dobb et al. [28], and is adopted here to explain the compressive failure
of both Kevlar 49 fibers and wood.
Observations of axial ly compressed Kevlar 49 fibers made in Chap-
ter 2 have shown that such fibers exhibit V-shaped black lines when
examined by light microscopy, and observations using scanning electron
microscopy show these lines to be helical kink bands on the fiber
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surface. SEM micrographs of this unusual compressive failure mode were
shown in Figure 2.5.
Takahashi and coworkers used electron microscopy techniques to ex-
amine thin sections of compressively kinked Kevlar 29 fibers [37]. This
variant of the Kevlar fibers also exhibits cyl indrical ly orthotropic
structural symmetry [30]. Furthermore, the compressive kink bands in
Kevlar 29 fiber observed by Takahashi are similar to those observed in
Kevlar 49. Takahashi showed that kink bands formed by shear slippage
between radial hydrogen-bonded sheets and were oriented at 55° to the
fiber axis in tangential sections (planes). Deformation within radial
sections (i.e., hydrogen-bonded sheets) appeared as thin bands of
buckled material oriented perpendicular to the fiber axis.
Reports on the compression testing of cylindrically orthotropic
wood specimens appear to be limited to the compression of poles and pil-
ings [96]. One study presented evidence of kink banding on the surface
of compressed pilings [96], but these materials were defect-ridden and
efforts to correlate structure with compressive failure modes were not
made
.
For practical reasons most wood compression tests are performed on
lengths cut from the cross-section of the tree. These test specimens
are not cylindrically orthotropic, but their structure is of course
related to this orthotropy. The axial compression of wood sections can
result in several failure modes [95]. Specimens which are free of de-
fects (clear) and have a well-oriented grain usually fail due to the
formation of kink bands, which are referred to as shear bands in wood
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technology [53,95]. Microscopic examination of the material within the
kink band reveals the kinking and buckling of the wood fibers and
microfibrils [54].
It has been reported that for rectangular wood blocks having lat-
eral faces parallel to radial and tangential planes, axial compression
results in defomation bands that are usually oriented perpendicular to
the axial direction (grain) on the radial faces and oriented at 60° to
the axial direction on the tangential faces [53]. However, no pictures
of this failure mode were provided. These orientations of compressive
deformation bands on radial and tangential planes are identical to the
orientations of bands in corresponding planes of compressed Kevlar 29
fibers observed by Takahashi [37].
Two questions are to be addressed in this study. First, why does
Kevlar 49 fiber form helical kink bands under compression? Second,
given the structural similarities between wood and Kevlar 49 fiber, does
wood also form helical kink bands under axial compression?
6.3 Experimental
The formation of kink bands in Kevlar 49 fiber was observed at
several levels of axial compressive strain above the critical strain for
initiation of these bands. The technique employed for these observa-
tions is described in Chapter 4. Briefly, the method involves bonding
single fibers to one surface of a transparent elastic beam which is
subsequently bent in a manner that places the bonded fibers in axial
172
can
compression. The fonnation of kink bands in these compressed fibers
then be examined using optical microscopy.
The internal deformation in kinked Kevlar 49 fibers is revealed by
the compression of the fiber tensile fracture surface. Single fibers
were embedded in a nylon-6 matrix by solvent-casting a nylon film around
the fibers. These fiber-containing films were stretched parallel to the
fiber axis in order to break the embedded fiber in tension. Because the
fiber fails in tension at low strains and the nylon matrix plastically
deforms to relatively large tensile strains before it fails, stretching
fiber-containing nylon films caused the fiber to break at several loca-
tions along its length prior to ultimate failure of the surrounding
nylon matrix. Kink bands were observed in fibers fractured in this
manner, thereby demonstrating that compressive stresses were generated
in the fiber after tensile failure. This preparation resulted in com-
pressive failure of the tensile-fractured end of the fiber, as well as
compressive deformation of the internal regions of the fiber which had
been exposed by tensile failure. It is believed that compression of the
fiber subsequent to tensile failure occurs by snap-back of the fractured
end [43] as well as by the elastic recovery of the nylon matrix which
occurs upon removal of the tensile load. Fibers which were fractured in
tension and then compressed as described above were recovered from the
nylon matrix by dissolving the matrix with formic acid. These isolated
fiber fragments were examined using scanning electron microscopy (SEM).
A Zeiss polarizing microscope and an ETEC Autoscan SEM were used to
examine Kevlar fibers.
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Two geometries of wood samples were tested in axial compression.
First, rectangular wood blocks with lateral faces cut parallel to radial
and tangential planes were compression-tested to determine the orienta-
tions of deformation bands within these planes. A 1 in. x 1 in. saTnple
of white pine post having the necessary symmetry was selected from a
local lumberyard. Blocks 2 in. long were cut with parallel ends using a
band saw. These blocks were axially compressed using an Instron Testing
Machine at a crosshead speed of 0.1 cm/min. Second, cyl indrical ly
orthotropic samples of wood were prepared by turning down knot-free logs
of eastern white pine on a lathe to remove bark and form right circular
cylinders. Two cylinders, roughly 8 in. long and 3 in. in diameter,
were axially compressed in the green state using a Riehle Testing
Machine at a crosshead speed of 0.05 in./min.
6.4 Results
The formation of kink bands in Kevlar 49 fiber at increasing
levels of axial compressive strain is shown in the optical micrographs
in Figure 6.2. These micrographs show the appearance of the V-shaped
black lines, which correspond to a helical kink band, as the level of
compressive strain in one region of the fiber is increased. It is clear
from these micrographs that the helical kink band propagates in both
directions along the fiber axis with increasing compressive deformation.
An SEM micrograph of a Kevlar 49 fiber tensile fracture surface
which was subsequently compressed is shown in Figure 6.3. A montage of
micrographs was made in order to show the surface of the long axial
Figure 6.2
(a-c) Optical micrographs of one region of a
Kevlar 49 fiber at increasing levels of axial
compressive strain.
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Figure 6.3
(a) SEM micrograph of tensile fracture surface
of Kevlar 49 fiber after subsequent compression.
(b) Enlargement of area outlined in (a). Arrows
point to perpendicular bands on what appear to
be radial planes
.
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splits which usually occur during tensile failure [33,43]. The compres-
sive deformation which is superimposed on the split fiber is a striking
combination of kinked and buckled regions. An enlargement of a section
of the fiber near the area where the splitting initiated shows the
internal deformation of the compressed fiber (Figure 6.3b). The inside
of the fiber contains bands oriented perpendicular to the fiber axis on
what appear to be radial planes. The splitting between radial planes
during axial tensile failure is an expected consequence of the radial
sheet morphology of Kevlar 49 fiber. Assuming that the compressive
deformation of the intact fiber and the split fiber that has exposed
internal surfaces are related, then the observations of perpendicular
bands of buckled material on radial planes and of obliquely-oriented
kink bands on tangential planes (i.e., the fiber surface) support the
results obtained by Takahashi [37].
A photograph of an orthotropic wood block after compression is
shown in Figure 6.4. The arrows in this figure point to a kink band
oriented at approximately 45<^ to the grain (axial direction) on the tan-
gential face and to a band of buckled material oriented perpendicular to
the grain on the radial face. These particular orientations of deforma-
tion bands on the two material faces were observed for almost every
specimen, except that kink bands formed at angles ranging from 40° to
60° with respect to the grain.
The first of two cyl indrical ly orthotropic wood cylinders tested
did indeed develop a helical kink band on its lateral surface during
axial compression. Photographs of this specimen are shown in Figure
Figure 6.4
Orthotropic wood block after axial compression.

an aver-
6-5. The left-handed helical band winds around the cylinder at
aoe angle o. 50o to the grain. Note that the geometrical and structural
centers of this wood cylinder coincide (Figure 6.5h). The axial split-
ting Of this cylinder seen in so.e of the photographs of Figure 6 5 •
occurred long after the cylinder had been tested. These splits were
presumably caused by shrinkage stresses which developed during drying of
the specimen at ambient conditions after testing.
Results of simultaneous observations of helical band formation and
force-displacement behavior for this first wood cylinder are summarized
in Figure 6.6. In this specimen, the helical band initiated at one end
of the cylinder and then propagated around the lateral surface. Both
initiation and propagation of the band occurred within the strain-
softening region of the force-displacement curve, after the maximum
compressive force had been reached.
The second wood cylinder tested did not fonn complete helical kink
bands under axial compression, but did form isolated kink bands oriented
at approximately 60° to the grain on its lateral surface. A transverse
section cut from this second cylinder through surface kink bands is
shown in Figure 6.7. The sectioning reveals that surface kink bands are
connected by internal radial deformation bands to the structural, and
not the geometrical, center of the wood cylinder. This last observation
is made clear by the distinct separation of the structural and geometri-
cal centers of this particular cylinder.
It is also evident from Figure 6.7 that the internal radial defor-
mation bands taper as they approach the core of the cylinder. Two such
Figure 6.5
(a-g) Helical kink band in axially compressed
wood cylinder. Each figure is a photograph
taken after rotating the cylinder approximately
45°. (h) End view of cylinder shown in (a-g).
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Figure 6.7
(a-c) Top and side views of a transverse section
cut from a compressed v/ood cylinder that had two
separate kink bands on its surface.
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bands are seen in the section shown in this figure because the trans-
verse cut was made through two isolated surface kink bands.
Other transverse sections through the second cylinder showed that
the internal deformation band always connects the surface kink band to
the structural core along radial directions, thereby forming a "spiral
staircase" pattern of deformed material in the cylinder. The absence of
complete helical kink bands on the surface of this cylinder may be re-
lated to the fact that its geometrical and structural centers do not •
coincide.
Comparison of the axial compressive deformation bands formed in
the orthotropic wood blocks and the cyl indrically orthotropic wood cyl-
inders shows that radial planes buckle under compression, forming per-
pendicular bands, and that obliquely oriented kink bands form on tangen-
tial planes in both types of specimens. Therefore, it is apparent that
the presence of free surfaces in wood blocks does not affect the orien-
tations of compressive deformation bands relative to the orientations of
corresponding bands in the wood cylinders.
6.5 Discussion
The evidence presented in this study shows that under axial com-
pression, helical kink bands form by initiation and propagation on the
surface of Kevlar 49 fibers and cyl indrical ly orthotropic wood cylin-
ders, and that radial bands of buckled material form within both mater-
ials. This similarity in compressive failure modes of two materials
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which differ so greatly in both size and composition can be explained
with the aid of the radial sheet model previously described.
When sheets of paper or rubber are stacked together and then com-
pressed parallel to the plane of the sheets, kink bands oriented at
oblique angles to the load axis form by initiation and propagation along
the lateral face comprised of the edges of the sheets, and perpendicular
bands (buckled sheets) form on the other lateral face [56,57]. This
cooperative buckling of stacked sheets is illustrated in Figure 6.8.
Further examination of Figure 6.8 reveals that most of the defor-
mation in the kink band is shearing between sheets. The deformation on
the other lateral face consists of bending or buckling of the sheets at
the boundaries of the perpendicular band. Therefore, kink bands form by
shear slippage between buckled planes of easy shear slip.
Moreover, the angle between the kink band boundary and the axis of
loading (3) is always less than 90°. This formation of obliquely-
oriented kink bands has been explained in terms of volume changes [61].
Kink bands with perpendicular boundaries, i.e., 3=90°, can only be
formed by imposing negative volume changes within the band and therefore
the formation of such bands is considered highly unlikely.
When planes or sheets of easy shear slip are radially stacked to
form an orthotropic cylinder and then compressed, the compressive fail-
ure should be internal buckling of the sheets in a cooperative manner to
yield a helical kink band on the lateral surface of the cylinder.
Therefore the failure pattern formed by kinked and buckled material will
resemble a "spiral staircase." A schematic of this pattern is given in
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Figure 6.8. Illustration of a compressive kink
band in stacked sheets.
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Figure 6.9. Near the center of a cylinder composed of radial sheets,
there is less room for lateral displacement than at the surface. This
might explain the tapering of the internal deformation band in the com-
pressed wood cylinder near its core (Figure 6.7).
There is little evidence for the internal buckling of the radial
sheets of Kevlar 49 fiber in the optical micrograph in Figure 2.4. How-
ever, there is proof of the presence of perpendicular bands on free
radial surfaces exposed by tensile fracture (Figure 6.3). Furthermore,
Takahashi showed that perpendicular bands form within radial sections of
compressively kinked Kevlar 29 fibers [37]. These observations may also
be explained by the constraint imposed on lateral displacements near the
center of the intact fiber. The extent of internal deformation due to
buckling of radial planes close to the fiber core may be too small to be
detected by transmitted visible light.
6.6 Conclusions
The results of this study can be summarized as follows:
1. The formation of compressive kink bands within particular planes of
orthotropic materials results from shearing between the buckled
planes (not necessarily crystal lographic planes) of easy shear slip.
This mechanism of compressive failure may be universal for orthotro-
pic materials which are compressed parallel to planes of easy shear
slip.
2. Helical kink bands in axially compressed Kevlar 49 fibers and wood
cylinders result from the particular cyl indrical ly orthotropic
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Figure 6.9. Illustration of a helical comoressive kink
band in a cylinder composed of radially
oriented stacked sheets.
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symmetry exhibited by these materials. Such band formation can be
explained by the cooperative buckling of radial material planes.
Other cylindrically orthotropic materials which have the same mech-
anical anisotropy exhibited by wood and Kevlar fibers should also
form helical bands under axial compression. Axial compression of
cylindrically orthotropic materials composed of tangential material
planes or sheets, such as "onionskin" graphite fibers, should pro-
vide interesting comparison to the results presented herein.
CHAPTER VII
FUTURE WORK
In this dissertation, it has been established that the axial
compressive failure of high performance organic fibers is due to the
onset of microbuckling instability. The compressive strength of these
fibers is predicted to be equal to the minimum fiber longitudinal shear
modulus. This prediction was obtained from both a linear elastic micro-
buckling analysis (Chapter III) and from an analysis of an observed
second-order effect of axial tensile stress on the torsion modulus of
high performance polymer fibers (Chapter V). Experimentally determined
fiber compressive strength was found to be equal to approximately one-
third of the torsion modulus.
Future studies should include measurements of axial compressive
strengths and longitudinal shear moduli of other high performance
organic fibers, especially fibers based on extended-chain polymers.
These measurements are needed to establish the applicability of the
linear relationship between compressive strength and longitudinal shear
modulus and, therefore, the proposal that compressive strengths are
limited by elastic instability. The current research efforts in the
field of thermotropic polymer liquid crystals should make a variety of
high performance materials available in the near future.
The only chain-extended flexible polymer fiber examined in this
thesis, i.e., the gel -spun PE fiber, did not exhibit the same correla-
tion between axial compressive and torsion modulus that was observed for
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the rigid-rod polymer fibers. If PE fiber is an orthotropic material,
the torsion modulus may not be the minimum longitudinal shear modulus of
this fiber. It would be interesting to measure the torsion modulus of
PE fibers having both a uniform cross-section and a structural symmetry
that yields a torsion modulus equal to the minimum longitudinal shear
modulus of PE. Such fibers could also be used to determine the depen-
dence of torsion modulus on axial tensile stress, which was not deter-
mined in this thesis because of the limitations imposed on the experi-
mental accuracy by the irregular and non-uniform cross-section of those
PE fibers examined here.
If the axial compressive strength of rigid-rod polymers is truly
limited by the onset of elastic microbuckl ing instability, then changes
in compressive strength due, for example, to temperature changes, intro-
duction of a plasticizer or heat-treatment should parallel changes in
longitudinal shear modulus due to these same factors. Furthermore,
because no buckling deformation occurs in perfectly oriented fibers
compressed to stresses below the critical value, compressive fatigue of
fibers or their composites below the critical compressive stress should
not result in material failure no matter how many loading cycles are
applied. Compressive fatigue tests of single fibers (via the beam
bending technique described in Chapter II) or fiber composites should be
performed to test this hypothesis.
Compressive failure with concomitant kink band formation due to
compression along planes of easy shear slip occurs in several anisotro-
pic materials. The stress required to initiate kink bands (i.e., the
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compressive strength) in rigid-rod polymer fibers and some types' of
fiber-reinforced composites [97] appears to be limited by elastic
buckling instability. It would be interesting to examine the compres-
sive strength-shear modulus relationship for materials such as wood and
metal single crystals and thereby detemine if the elastic microbuckl ing
mechanism for compressive failure is universal for anisotropic materials
that form compressive kink bands.
The ratio of measured compressive strength to torsion modulus for
rigid-rod polymer fibers is approximately one-third, indicating that the
estimate of compressive strength given by the torsion modulus is consis-
tently too high. One explanation discussed in Chapter IV for this dis-
parity is that there may be regions within the fiber, such as interfib-
rillar regions, which exhibit a shear modulus that is lower than the
torsion modulus. It was proposed that microbuckl ing should be initiated
at a compressive stress equal to this lower local shear modulus.
However, if high performance fibers are actually composites of
fibrils, microfibrils and "binder," then the stress required to initiate
microbuckl ing in these fibers should be equal to the "composite" longi-
tudinal shear modulus. Both Rosen [20] and Foye [92] considered the
onset of elastic shear instabilities in fiber-reinforced composites
, where both the matrix and fiber undergo shear deformations. Although
the approach taken by each worker to predict the critical compressive
stress differed, both concluded that elastic instability is initiated
at a stress equal to:
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G - ^
c (.i-V^)+V^(G^/G^l (7.1)
where: m = matrix
f = fiber
G^ = longitudinal shear moduli
= volume fraction of fiber
This equation is the Reuss estimate of the longitudinal shear
modulus Gj^ of a composite material. It is obtained by assuming the
stresses in each phase (fiber and matrix) are equivalent. This estimate
represents a lower bound for the actual longitudinal shear modulus of a
composite.
An upper bound estimate for composite shear modulus is given by
the Voigt modulus G^, which is obtained by assuming the strains in each
phase are identical. This shear modulus is given by:
The actual shear modulus of any composite should fall within the
range bounded by Gp and G„. Two different shear moduli G ;^G may beK V xy yx
obtained from complimentary measurements of shear deformation of a com-
posite laminate as shown in Figure 7.1. The deformation shown in Figure
7.1a corresponds to equivalent shear strains y in each phase of the
composite and is therefore characterized by a Voigt modulus G^. This
modulus is obtained when a strain y is applied and a stress t , an
average of the shear stresses in each phase, is measured.
Figure 7.1. Simple shear deformation of a laminate.
(a) Shear strain in each phase equal.
(b) Sliear stress in each phase equal.
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The deformation shown in Figure 7.1b corresponds to equivalent
shear stresses t^^ in each phase and is therefore governed by a Reuss
modulus Gj^. This modulus is determined by applying a shear stress x
and measuring a shear strain y^^ that is an average of the shear strains
in each phase.
The condition \y^^y^ violates linear elasticity theory, but may
apply to anisotropic materials composed of two or more distinct phases.
If the anisotropy and heterogeneity of the high performance organic
fibers are severe, then the torsion modulus of these fibers would corre-
spond to the modulus Gy^=G^ obtained from the deformation depicted in
Figure 7.1a. This shear modulus is always greater than G =Gn, and
xy R
therefore the Reuss modulus should be used as the estimate of the com-
pressive strength. Experiments should be performed on single fibers or
fiber composites to determine if the deformations shown in Figure 7.1 do
indeed yield different values of longitudinal shear moduli. If a dis-
parity exists, it could explain the overestimate of compressive strength
which is given by the torsion modulus.
The prediction that compressive strength is equal to the longitu-
dinal shear modulus was obtained by a linear elastic microbuckl ing
analysis (Chapter III) and by an analysis of the effect that axial
stresses have on fiber torsion modulus (Chapter V). The axial stress-
torsion modulus relationship is a result of nonlinear-elastic behavior.
The magnitude of this nonlinear effect suggests that a refinement of the
microbuckling analysis, which would incorporate nonlinear-elastic behav-
ior, might yield better estimates of compressive strength. For example.
199
calculations of shear mode buckling stresses could be made assuming the
foundation shear modulus is a function of shear strain or compressive
stress. Reductions in the true shear modulus of fiber-reinforced
composites due to compressive stresses have been measured [94].
Several experiments could be performed on hollow fibers, which
would further our knowledge of compressive characteristics of high per-
formance organic fibers. First, the compressive strength of hollow
fibers can be measured directly [98], thereby eliminating the need to
resort to an indirect measurement of strength from critical strains to
kink band formation. Second, measurements of torsion modulus versus
axial tensile stress for hollow fibers and comparison to the results
obtained for solid fibers of the same material should provide an assess-
ment of the resistance of the fibers to length and radius changes with
torsion. Third, hollow fibers can be measured for compressive strength
as a function of twist without the complicating effects of axial normal
stresses that develop with twist in solid fibers. This experiment would
determine conclusively whether compressive failure occurs by elastic
instability as demonstrated here, or by shear failure as proposed by
Argon [62].
Further insight into kink band formation and the stresses required
to initiate kink banding could be obtained from tests on model aniso-
tropic materials. This work would be an extension of the studies of
compressive behavior of card decks [56] and rubber laminates [57]. For
future experiments, sheets of paper could be glued together with
matrices having different shear moduli. These laminates could be
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measured for composite shear modulus to determine if G as dis-
xy yx
cussed above. The compressive stress required to initiate kink banding
in these models could be compared to measured and calculated composite
shear moduli. The effect of defects on the nucleation of kink bands
could be studied by deliberately incorporating voids, regions of mis-
alignment or short lengths of paper (i.e., line defects) into the model
laminate.
The goals outlined at the onset of this dissertation included the
possibility of suggesting ways to improve the compressive strength of
high performance organic fibers. It is clear from the work performed in
this dissertation that improvements in compressive strength will follow
from increases in longitudinal shear modulus. Again it is emphasized
that the shear modulus and not the shear strength of the fiber deter-
mines its compressive strength. It is, perhaps, fortunate that a modu-
lus is an average property of a material, less affected by local irregu-
larities and defects than a material strength. Therefore, it is prob-
ably easier to improve a material stiffness than a strength.
Conceivably, the lateral interaction between polymer chains
(i.e., the shear modulus) could be enhanced via stronger bonding between
chains. These bonds might be strong secondary bonds such as hydrogen
bonds or chemical crosslinks formed by covalent or ionic bonds. These
strong lateral bonds must act in at least two directions within the
cross-section of the fiber. Strong lateral bonds in only one direction,
as in the case of radially oriented hydrogen bonds in PPTA fibers, still
leave planes of easy shear slip that enable microbuckl ing to occur at
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relatively low compressive stresses. An example of an extended polymer
chain that forms a crystalline unit cell with hydrogen bonds oriented in
at least two lateral directions is cellulose [95]. It would be inter-
esting to measure the axial compressive strengths of highly oriented
cellulose fibers.
Enhancement of crystalline perfection may be a route to higher
shear modulus material. However, it is also possible that a perfect
crystal might have a lower shear modulus than an imperfect crystal.
This would be true for crystals containing pinned dislocations that
offer more resistance to shear deformation. Theoretical calculations of
shear modulus may provide an estimate of the upper limit on compressive
strength that may be attained via crystalline perfection.
If a polymer fiber is an inhomogeneous material composed of micro-
fibrils, fibrils and binder, then the shear modulus (and hence the
compressive strength) is a function of the shear moduli of all these
phases. It is readily verified from (7.1) that the estimate of compo-
site shear modulus is dominated by the modulus of the soft matrix phase.
Therefore, improvements in the shear modulus of the binding phase
between microfibrils would yield significant improvements in composite
shear modulus and possibly compressive strength. *
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APPENDIX I
CRITICAL BUCKLING LOAD FOR A LINK-HINGE CHAIN
WITH THREE HINGES (p=4)
Examination of Figure Al.l shows that the strain energies for
hinges 1 , 2 and 3 are:
k 2
^2 " I ^2°'2^^ (Al.l)
k 2U3 =
2 (ai-a2)
and the total strain energy is therefore:
3
U = }^ U. = k(a^-a2)^ +^ (2a2)2 (A1.2)
The total axial displacement is given by:
M = 2il(l-cosa^) + 2Jl(l-cosa2) (A1.3)
which, for small , can be approximated by:
2 2
a-i a«
Ail ^ 2l{-^) + 2£(-|) (A1.4)
The work due to load P is then:
W = PA£ = Pi{a^ + a^] (Al .5)
The total potential is defined by (3.4), which for this problem is:
V = (k-P£)a^ + (3k-P^-)a^ - 2koif2 '^^
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The chain must be in equilibrium with respect to all rotations.
Therefore, equilibrium for the chain shown in Figure Al.l occurs when:
a^= 2(k-PMa^ - 2ka2 = 0
(A1.7)
1^ = -2ka^ + 2(3k-Pil)a2 " °
The buckling loads P are obtained from the nontrivial solution of (A1.7)
This solution is given by:
(k-Pil) (-k)
(-k) (3k-Pil)
= 0
or P^ - 4(^)P + 2(^)2 = 0
The roots (eigenvalues) of this polynomial are
(A1.8)
P = (2 + (A1.9)
The critical buckling load is therefore:
P^^ = (2 - /?)(}) (ALIO)
It can be verified from (A1.7) that this value of P^^ gives:
^>0, ^>0 (Al.ll)
and therefore causes an unstable equilibrium.
It should be noted that a symmetrical buckling pattern was assumed
in this analysis. The symmetry of the buckling configuration can be
proven by assuming a general shape for the buckled chain and determining
the eigenvectors, i.e., the values of a., for each eigenvalue or buckl-
ing load.
APPENDIX II
APPROXIMATE SHAPE OF LONG LINK-HINGE CHAIN
Referring to Figure 3.7b, it is seen that the slope at hinge i of
the curve v.=v(x.) that defines the shape of the buckled link-hinge
column is:
A^^^^^^'i (A2.1)
For small a., tan a^==a., therefore (A2.1) becomes:
Av^.
A^q-
=^
^i (A2.3)
*
Also, it can be seen from Figure 3.7b that
ilcosa^. = Ax^. (A2.4)
which, for small a^. , reduces to:
^ ^ Ax. (A2.5)
When the number of links p and therefore the chain length is allowed to
increase without bound at a fixed link size, the buckled chain configura
tion will conform exactly to the curve traced by the analytical function
v(x). The limit of increasing overall chain length I. at fixed link
length Z is mathematically equivalent to the limit of vanishing link
length at fixed overall chain length. Both cases represent the limit of
an infinite number of links.
Therefore, in this limit, equation (A2.3) becomes:
(A2.6), . , . dv1 im a. = I im a . =
A nl n n 1 dXAX^^ £-HJ ''1
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The derivative of any continuous function f(x) is defined by
^(f(x)) = ii. Mx) n^,)-n^,-^.)
Ax-0 Ax-0
(A2.7)
If f(x.) is
Then substitution of (A2.8) into (A2.7) yields
dvdv
dx
1 im
x-^0
x^ dx
Ax
_J _ d_ / dv v
dx ^dx^
d^v
dx
(A2.8)
CA2.9)
Recognizing that:
1 im a
dv
i-1 dx x.-Ax.
and recalling (A2.5) and (A2.6), their substitution of these results
into (A2.9) yields:
1 im
°^i-^--l
dx2
CA2.10)
"1
APPENDIX III
CRITICAL BUCKLING LOADS FOR A COLLECTION OF
LATERALLY INTERACTING LINK-HINGE CHAINS
The chains are assumed to pack in the cross-section of the fiber
on a cubic lattice as shown in Figure 3.8. The lattice dimension b is
chosen so that the cross-sectional area per chain b^ is equal to the
value determined experimentally from the actual unit cell of each poly-
mer. The elastic foundation is treated as a continuum matrix which sur-
rounds the chains and is not shown in Figure 3.8.
Buckling is assumed to be restricted to one of two planes, either
xy or xz, which are geometrically equivalent. The foundation is assumed
to be equally stiff in the y and z directions. This assumption imposes
a restriction of transverse isotropy on the polymer. If the total
effect of lateral bonding is summarized as a continuum, then the founda-
tion stiffness in the extension buckling mode is a function of a single
transverse modulus, E.=E =E ; and the stiffness in the shear buckling
t y z
mode a function of a single longitudinal shear modulus, G=G =G .
^ ^ xy xz
In reality each polymer chain will buckle in a manner that simultaneous-
ly minimizes the chain bending strain energy and foundation^ strain
energy changes.
Rosen postulated that any combination of extension and shear
buckling modes will require more energy and therefore higher loads than
either of these extremes. Therefore the critical load for the
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collection of chains is the lower of the two values predicted for exten-
sion and shear mode buckling.
Following reference [68], any buckled configuration of a chain can
be described by a single series of sine waves. The lateral deflection
of a chain is then:
v(x) =Ia^sinIH^ (A3.1)
The variation in work due to load P acting on a chain that buckles
into a shape described by (A3.1) was shown in reference [68] to be:
3W = ^ I n^a^ (A3.2)
The variation in strain energy of a chain that has a bending rigi-
dity k^ and that buckles into a shape described by (A3.1) is:
/k£ r 4 2
1 3 I " % (A3. 3)
To complete the equation for equilibrium (3.47), the variation in
strain energy of the foundation must be calculated for each of the
two buckl ing modes.
(a) Extension Mode : For buckling within a plane, the extension
mode configuration can be depicted as shown in Figure A3.1.
The deformation of the foundation is due solely to normal strains
given by:
2v
y - b
E = (A3. 4)
gure A3.1. Coordinates for extension mode buckling
deformation.
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The strain energy change is
V
"y
and for a linear elastic continuum foundation, a =E £
, then
y ^ y
e
dV
V
The energy change per chain is therefore:
e
= 2E
b/2 b/2
x=0 ^-b/2 J
-b/2
V dzdydx
2
V dx
0
After substitution of (A3.1):
(A3. 5)
(A3. 6)
(A3. 7)
3U| = E,L I a2
n
CA3.8)
The energy balance is given by substitution of (A3. 2), (A3. 3), and
(A3. 8) into (3.47) yielding:
Ptt^ V 2 2 V 4 2 ^ c , V 24L^ n /i|2^ n t^n
n 4L n n
(A3. 9)
Solving for P
7T^k£
V 2 2 2
^ n
la
n
^ n
(A3. 10)
It is shown in reference [68] that ratios of the summations
appearing in (A3. 10) are minimized when only one arbitrary coefficient
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is used. Therefore
2
e
=
•" !<<!. , 2v ^ *^t'- ,1P
=7r(^)^^(V tA3.11)
TT m
where m=l ,2,3, . .
.
The minimum value of P depends on the relative values of H and
E^. If the foundation is stiff relative to the bending rigidity of the
chain (i.e., E^»k£), and the chain is long, then the second term in
equation (A3.11) will dominate and large values of m will be required to
minimize P. For large values of the integer m, it was shown [68] that:
^
= Tr(kV4E^)^ (A3. 12)
Substitution of this result into (A3. 11) gives the relationship:
^Ir ^ ^^'^ (A3. 13)
For the packing arrangement shown in Figure 3.8, the compressive
strength estimated for extension mode buckling is then:
4/01
2
where A = b .
This result is based on the assumption that the integer m (which
corresponds to the number of half sine waves the columns buckle into) is
large. Rearranging (A3. 12) to give:
m = ^ (4E,/k£)^ (A3. 15)
TT ^ t
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shows that m will take on large values for long chains and for stiff
foundations as mentioned earlier.
(b) Shear Mode: The shear mode of buckling within a plane is
represented in Figure A3. 2. In this case the foundation experiences
only shear deformations, so the strain energy change is given by:
T Y dV
V
xy xy (A3. 16)
and with x^^ = Gy^^ for a linear elastic continuum foundation
au^=| (A3. 17)
The linear shear strain is defined by
Y
xy 3x 3y (A3. 18)
where u and u are the displacements in the y- and x-directions, respec-
y A
tively. The displacements u are the lateral deflections of the buckled
chain. Since these deflections are independent of the y-direction and
since there are no displacements u
,
(A3. 18) reduces to:
X
du .
y _ dv
^xy ~ dx dx
(A3. 19)
Substitution into (A3. 16) gives:
b/2
G
rL fb/2 r
2
x=0 • -b/2- -b/2
(^)^ dzdydx
(A3. 20)
= Gb
0
rdv\2 .
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Figure A3. 2. Coordinates for shear mode bucking deformation.
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Substitution of (A3.1) into (A3. 20) results in:
2 2
.i,s _ 7T b 2 2
-
-41^ G),n (^^3 2i)
Substitution of (A3. 2), (A3. 3) and (A3. 21) into tlie equilibrium
equation (3.47) and minimizing the ratios of the summations as before
leaves
:
pS
_
T\hz / 2x
, p. 2P
-
-jj- (m ) + Gb (A3. 22)
where m is the integer number of half waves of the buckled column. The
critical buckling load is simply:
pS^=l!kl.Gb2
,
(A3.23)
Note that the first term in (A3. 23) is the buckling load of an un-
supported link-hinge chain, a result derived in Section 3.4. The addi-
tional load required to overcome the support given by the foundation is
proportional to the shear stiffness of the foundation. Because the
minimum load occurs for m=l , the column will buckle in exactly the same
pattern as an unsupported chain: a half sine wave.
For long polymer chains, the first term in (A3. 23) can be ne-
glected and the critical load is then:
= Gb^ (A3. 24)
c r
and the corresponding predicted compressive strength is simply:
al^ = G (A3. 25)
cr
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